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7ZR VSDQQLQJ WUHHV RI D JLYHQ JUDSK

* �9�(� DUH VDLG WR EH LQGHSHQGHQW LI WKH\ DUH

URRWHG DW WKH VDPH YHUWH[� VD\ U� DQG IRU HDFK

YHUWH[ Y ∈ 9?^U` WKH WZR SDWKV IURP U WR Y� RQH

SDWK LQ HDFK WUHH� DUH LQWHUQDOO\ GLVMRLQW� $ VHW RI

VSDQQLQJ WUHHV RI * LV VDLG WR EH LQGHSHQGHQW LI

WKH\ DUH SDLUZLVH LQGHSHQGHQW� =HKDYL DQG ,WDL

FRQMHFWXUHG WKDW DQ\ N�FRQQHFWHG JUDSK KDV N

LQGHSHQGHQW VSDQQLQJ WUHHV URRWHG DW DQ DUELWUDU\

YHUWH[� 7KLV FRQMHFWXUH LV VWLOO RSHQ IRU N ≥ �� ,Q

WKLV SDSHU� ZH VKDOO JLYH WKH XSSHU ERXQG DQG

WKH ORZHU ERXQG RI WKH KHLJKW RI N LQGHSHQGHQW

VSDQQLQJ WUHHV LI WKH\ H[LVW RQ D N�FRQQHFWHG N�

UHJXODU JUDSK� $Q DOJRULWKP LV DOVR SURSRVHG WR

UHGXFH WKH KHLJKW RI N LQGHSHQGHQW VSDQQLQJ

WUHHV�

.H\ZRUGV� LQGHSHQGHQW VSDQQLQJ WUHHV�

YHUWH[�GLVMRLQW SDWK� FRQQHFWLYLW\� UHJXODU JUDSK�

IDXOW�WROHUDQW EURDGFDVWLQJ�

�� ,QWURGXFWLRQ

$ VHW RI SDWKV FRQQHFWLQJ WZR YHUWLFHV LQ

D JUDSK LV VDLG WR EH LQWHUQDOO\ GLVMRLQW LI DQG

RQO\ LI DQ\ SDLU RI SDWKV LQ WKH VHW KDV QR

FRPPRQ YHUWH[ H[FHSW WKH WZR HQG YHUWLFHV�

&RQVLGHULQJ D JUDSK * �9�(�� D WUHH 7 LV FDOOHG D

VSDQQLQJ WUHH RI * LI 7 LV D VXEJUDSK RI * DQG 7

FRQWDLQV DOO YHUWLFHV LQ 9� 7ZR VSDQQLQJ WUHHV RI

* DUH VDLG WR EH LQGHSHQGHQW LI WKH\ DUH URRWHG DW

WKH VDPH YHUWH[� VD\ U� DQG IRU HDFK YHUWH[ Y ∈
9?^U`� WKH WZR SDWKV IURP U WR Y� RQH SDWK LQ

HDFK WUHH� DUH LQWHUQDOO\ GLVMRLQW� $ VHW RI

VSDQQLQJ WUHHV RI D JUDSK LV VDLG WR EH

LQGHSHQGHQW LI WKH\ DUH SDLUZLVH LQGHSHQGHQW�

%URDGFDVWLQJ LQ D GLVWULEXWHG V\VWHP LV

WKH PHVVDJH GLVVHPLQDWLRQ IURP D VRXUFH QRGH

WR HYHU\ RWKHU QRGH LQ WKH V\VWHP� :H FDQ

GHVLJQ D IDXOW�WROHUDQW EURDGFDVWLQJ VFKHPH

EDVHG RQ LQGHSHQGHQW VSDQQLQJ WUHHV >�@ >�@� 7KH

IDXOW WROHUDQFH FDQ EH DFKLHYHG E\ VHQGLQJ N

FRSLHV RI WKH PHVVDJH DORQJ Q LQGHSHQGHQW

VSDQQLQJ WUHHV URRWHG DW WKH VRXUFH QRGH�

,WDL DQG 5RGHK >�@ JDYH D OLQHDU WLPH

DOJRULWKP IRU ILQGLQJ WZR LQGHSHQGHQW VSDQQLQJ

WUHHV LQ D ELFRQQHFWHG JUDSK� &KHUL\DQ DQG

0DKHVKZDUL >�@ VKRZHG WKDW� IRU DQ\ ��

FRQQHFWHG JUDSK * DQG IRU DQ\ YHUWH[ U RI *�

WKUHH LQGHSHQGHQW VSDQQLQJ WUHHV URRWHG DW U FDQ

EH IRXQG LQ 2�_9__(_� WLPH� ,Q >�@ DQG >�@� WKH

DXWKRUV FRQMHFWXUHG WKDW DQ\ N�FRQQHFWHG JUDSK

KDV N LQGHSHQGHQW VSDQQLQJ WUHHV URRWHG DW DQ

DUELWUDU\ YHUWH[ U� +XFN >�@ KDV SURYHG WKDW WKH

FRQMHFWXUH LV WUXH IRU SODQDU JUDSKV� 7KH

FRQMHFWXUH LV VWLOO RSHQ IRU DUELWUDU\ N�FRQQHFWHG

JUDSKV ZLWK N ≥ ��

$ JUDSK * LV FDOOHG N�UHJXODU LI HYHU\

YHUWH[ RI * KDV GHJUHH N� $ N�UHJXODU JUDSK LV

QRW QHFHVVDULO\ N�FRQQHFWHG� 7KLV SDSHU LV

FRQFHUQHG ZLWK N�UHJXODU JUDSKV ZKLFK LV DOVR N�

FRQQHFWHG� 0RVW RI LQWHUFRQQHFWLRQ QHWZRUNV DUH

N�FRQQHFWHG DQG N�UHJXODU� VXFK DV FKRUGDO ULQJV�

VWDU JUDSKV �&D\OH\ JUDSKV�� K\SHUFXEH� WRUXV�

DQG VR RQ�

$Q H[DPSOH RI ��FRQQHFWHG ��UHJXODU

JUDSK LV WKH 3HWHUVHQ JUDSK� DV VKRZQ LQ )LJXUH

��D�� 8VLQJ WKH DOJRULWKP SURSRVHG LQ >�@� WKUHH

LQGHSHQGHQW VSDQQLQJ WUHHV RQ WKH 3HWHUVHQ

JUDSK DUH FRQVWUXFWHG� DV VKRZQ LQ )LJXUH ��E��

)ROORZLQJ WKH GHILQLWLRQ RI LQGHSHQGHQW



VSDQQLQJ WUHHV� IRU HDFK YHUWH[ Y ∈ ^���������`

WKH WKUHH SDWKV IURP U WR Y� RQH SDWK LQ HDFK WUHH�

DUH LQWHUQDOO\ GLVMRLQW �RU FDOOHG YHUWH[�GLVMRLQW��

,Q WKLV SDSHU� ZH IRFXV RXU HIIRUWV RQ WKH

KHLJKW RI WKH LQGHSHQGHQW VSDQQLQJ WUHHV RI D N�

FRQQHFWHG N�UHJXODU JUDSK� :H VKDOO JLYH WKH

XSSHU ERXQG DQG WKH ORZHU ERXQG RI WKH KHLJKW

RI LQGHSHQGHQW VSDQQLQJ WUHHV� ,W LV REYLRXV WKDW

WKH SHUIRUPDQFH RI WKH IDXOW�WROHUDQW

EURDGFDVWLQJ FDQ EH LPSURYHG E\ UHGXFLQJ WKH

KHLJKW RI LQGHSHQGHQW VSDQQLQJ WUHHV� $Q

DOJRULWKP LV DOVR GHVLJQHG WR DFKLHYH WKLV

SXUSRVH�

7KH UHPDLQLQJ SDUW RI WKLV SDSHU LV

RUJDQL]HG DV IROORZV� ,Q 6HFWLRQ �� ZH LQWURGXFH

VRPH SURSHUWLHV RI LQGHSHQGHQW VSDQQLQJ WUHHV

LQ D N�FRQQHFWHG N�UHJXODU JUDSK� ,Q 6HFWLRQ ��

ZH VKDOO SURSRVH DQ DOJRULWKP IRU UHGXFLQJ WKH

KHLJKW RI LQGHSHQGHQW VSDQQLQJ WUHHV� 6HFWLRQ �

FRQWDLQV RXU FRQFOXGLQJ UHPDUNV�
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)LJXUH �� �D� 7KH 3HWHUVHQ JUDSK �E� 7KUHH LQGHSHQGHQW VSDQQLQJ WUHHV RQ WKH 3HWHUVHQ JUDSK�

�� 7KH KHLJKW RI LQGHSHQGHQW

VSDQQLQJ WUHHV

/HW * EH D N�FRQQHFWHG N�UHJXODU JUDSK�

6XSSRVH N LQGHSHQGHQW VSDQQLQJ WUHHV URRWHG DW

D YHUWH[ U LQ * H[LVW� GHQRWHG E\ 7�� 7�� ���� 7N �

:H GHILQH FKLOG�Y�L�� SDUHQW�Y�L� DV WKH FKLOGUHQ

VHW DQG WKH SDUHQW YHUWH[ RI D YHUWH[ Y LQ 7L �

UHVSHFWLYHO\� 7KH DQFHVWRU RI D YHUWH[ Y LQ 7L �

GHQRWHG E\ DQFHVWRU�Y�L�� LV WKH YHUWH[ VHW RI WKH

SDWK IURP U WR Y LQ 7L � 7KH GHVFHQGDQW RI D

YHUWH[ Y LQ 7L � GHQRWHG E\ GHVFHQGHQW�Y�L�� LV WKH

YHUWH[ VHW RI WKH VXEWUHH URRWHG DW Y LQ 7L � 7KH

QHLJKERUKRRG RI D YHUWH[ Y LV WKH VHW 1�Y�

FRQVLVWLQJ RI DOO YHUWLFHV ZKLFK DUH DGMDFHQW ZLWK

Y LQ *� 7KHQ ZH KDYH WKH IROORZLQJ OHPPDV�

/HPPD �� /HW 7�� 7�� ���� 7N EH N LQGHSHQGHQW

VSDQQLQJ WUHHV URRWHG DW D YHUWH[ U

LQ *� )RU HYHU\ YHUWH[ Y LQ *� Y ≠ U�



SDUHQW�Y�L� ∩ SDUHQW�Y�M�  φ �

ZKHUH L ≠ M DQG L�M ∈ ^��������N`�

0HDQZKLOH� ∪L ������N SDUHQW�Y�L�  

1�Y��

3URRI� 7KLV OHPPD KROGV GLUHFWO\ IURP WKH

GHILQLWLRQ RI LQGHSHQGHQW VSDQQLQJ WUHHV� )RU

HYHU\ YHUWH[ Y ∈ 9?^U`� LI SDUHQW�Y�L� ∩
SDUHQW�Y�M� ≠ φ� WKH WZR SDWKV IURP U WR Y LQ 7L

DQG 7M KDYH D FRPPRQ YHUWH[ DQG DUH QRW

LQWHUQDOO\ GLVMRLQW� L�H�� 7L DQG 7M DUH QRW

LQGHSHQGHQW� 7KHUHIRUH� HYHU\ YHUWH[ Y ∈ 9?^U`

PXVW KDYH N GLVWLQFW SDUHQWV LQ N LQGHSHQGHQW

VSDQQLQJ WUHHV� DQG WKH N GLVWLQFW SDUHQWV DUH WKH

QHLJKERUKRRG RI Y� 4�(�'�

/HPPD �� /HW 7�� 7�� ���� 7N EH N LQGHSHQGHQW

VSDQQLQJ WUHHV URRWHG DW D YHUWH[ U

LQ *� )RU HYHU\ YHUWH[ Y LQ *�

FKLOG�Y�L� ∩ FKLOG�Y�M�  φ � ZKHUH L
≠ M DQG L�M ∈ ^��������N`� 0HDQZKLOH�

LI Y∈1�U�� ∪L ������N FKLOG�Y�L�  

1�Y�?^U`� RWKHUZLVH ∪L ������N FKLOG�Y�L�

 1�Y��

3URRI� 6XSSRVH WKHUH H[LVW WZR LQGHSHQGHQW

VSDQQLQJ WUHHV 7L ≠7M DQG X ∈ FKLOG�Y�L� ∩
FKLOG�Y�M�� WKHQ IRU WKH YHUWH[ X� SDUHQW�X�L�  

SDUHQW�X�M�� ,W LV D YLRODWLRQ DJDLQVW /HPPD ��

7KXV HYHU\ YHUWH[ Y LQ * PXVW KDYH N GLVWLQFW

FKLOGUHQ VHWV �PD\ EH HPSW\� LQ N LQGHSHQGHQW

VSDQQLQJ WUHHV�

)RU HYHU\ YHUWH[ Y� Y∉1�U�� LI WKHUH H[LVWV
D YHUWH[ X ∈ 1�Y� EXW X LV QRW LQ DQ\ RI WKH

FKLOGUHQ VHWV RI Y� WKHQ X PXVW KDYH D QHZ SDUHQW

LQ VRPH 7L� LW LV D FRQWUDGLFWLRQ� 7KHUHIRUH� WKH

XQLRQ RI WKH FKLOGUHQ VHWV RI Y PXVW EH WKH

QHLJKERUKRRG RI Y� ,Q FDVH Y ∈ 1�U�� WKH FKLOGUHQ

VHWV RI Y FDQQRW LQFOXGH WKH URRW YHUWH[ U� 7KXV

WKH XQLRQ RI FKLOG�Y�L� HTXDOV 1�Y� ?^U`� 4�(�'�

&RUROODU\ �� /HW 7�� 7�� ���� 7N EH N LQGHSHQGHQW

VSDQQLQJ WUHHV URRWHG DW D YHUWH[ U

LQ *� 7KH URRW YHUWH[ U RI 7L � L ∈
^��������N`� PXVW KDYH RQH FKLOG�

7KH SURRI LV WULYLDO�

8VLQJ YHUWH[ � LQ )LJXUH � DV DQ H[DPSOH�

SDUHQW����� ∪ SDUHQW����� ∪ SDUHQW�����  

^�`∪^�`∪^�`  ^�����`  1���� FKLOG����� ∪
FKLOG����� ∪ FKLOG�����  ^���`∪^�` ∪^`  

^�����`  1���� )RU HYHU\ YHUWH[ LQ 1�U�  ^�� ��

�`� WKH YHUWH[ LV DOVR WKH XQLTXH FKLOG RI U LQ 7� �

7� � RU 7� �

/HPPD �� /HW 7�� 7�� ���� 7N EH N LQGHSHQGHQW

VSDQQLQJ WUHHV URRWHG DW D YHUWH[ U

LQ *� )RU HYHU\ YHUWH[ Y LQ *� DQG

Y ∉ ^U`∪1�U�� 1�Y� ∩ DQFHVWRU�Y�L�

 SDUHQW�Y�L�� )RU Y ∈ 1�U�� 1�Y� ∩
DQFHVWRU�Y�L�  SDUHQW�Y�L� ∪ ^U`�

ZKHUH L ∈ ^��������N`�

3URRI� 6XSSRVH D YHUWH[ X LQ 7L LV ERWK DQ

DQFHVWRU DQG D QHLJKERU RI Y� EXW QRW WKH SDUHQW

RI Y� %\ /HPPD �� WKHUH PXVW H[LVW D 7M� M ≠ L DQG
SDUHQW�Y�M�  X� VXFK WKDW WKH WZR SDWKV IURP U WR

Y LQ 7L DQG 7M KDYH D FRPPRQ YHUWH[ X DQG DUH

QRW LQWHUQDOO\ GLVMRLQW� 7KXV� 7L DQG 7M DUH QRW

LQGHSHQGHQW�

2EYLRXVO\� URRW YHUWH[ U KDV QR SDUHQW

YHUWH[ LQ 7L � )RU Y ∈ 1�U�� WKHUH DUH WZR FDVHV�

SDUHQW�Y�L�  U RU SDUHQW�Y�L� ≠ U� :KHWKHU U LV

WKH SDUHQW YHUWH[ RI Y RU QRW� U LV DQ DQFHVWRU RI Y

LQ 7L � 7KHUHIRUH� 1�Y� ∩ DQFHVWRU�Y�L�  

SDUHQW�Y�L� ∪ ^U`� 4�(�'�

6LPLODUO\� ZH FDQ SURYH WKH IROORZLQJ

OHPPD�

/HPPD �� /HW 7�� 7�� ���� 7N EH N LQGHSHQGHQW

VSDQQLQJ WUHHV URRWHG DW D YHUWH[ U

LQ *� )RU HYHU\ YHUWH[ Y LQ * DQG Y

≠ U� 1�Y� ∩ GHVFHQGDQW�Y�L�  

FKLOG�Y�L�� ,Q FDVH Y  U� 1�U� ∩
GHVFHQGDQW�U�L�  1�U�� ZKHUH L ∈
^��������N`�

3URRI� 6XSSRVH D YHUWH[ X LQ 7L LV ERWK D

GHVFHQGDQW DQG D QHLJKERU RI Y� EXW QRW D FKLOG

RI Y� %\ /HPPD �� WKHUH PXVW H[LVW D 7M� M ≠ L DQG
X ∈ FKLOG�Y�M�� VXFK WKDW WKH WZR SDWKV IURP U WR

X LQ 7L DQG 7M KDYH FRPPRQ YHUWH[ Y DQG DUH QRW

LQWHUQDOO\ GLVMRLQW� 7KXV� 7L DQG 7M DUH QRW

LQGHSHQGHQW�

,Q FDVH Y  U� 1�U� ∩ GHVFHQGDQW�U�L�  

1�U� EHFDXVH DOO YHUWLFHV RWKHU WKDQ U DUH

GHVFHQGDQWV RI U LQ 7L � 4�(�'�

&RUROODU\ �� /HW 7�� 7�� ���� 7N EH N LQGHSHQGHQW

VSDQQLQJ WUHHV URRWHG DW D YHUWH[ U

LQ *� 7KH URRW RI 7L � L ∈ ^��������N`�

KDV N�� JUDQGFKLOGUHQ�

3URRI� %\ &RUROODU\ �� ZH NQRZ WKDW WKH URRW



YHUWH[ U RI 7L KDV RQO\ RQH FKLOG� /HW Y EH WKH

XQLTXH FKLOG RI U� DOO YHUWLFHV RWKHU WKDQ U DUH

GHVFHQGDQWV RI Y LQ 7L � 6XSSRVH Y KDV N��

FKLOGUHQ� WKHUH PXVW H[LVW RQH YHUWH[ X WKDW LV QRW

D FKLOG RI Y� EXW X LV ERWK D GHVFHQGDQW DQG D

QHLJKERU RI Y� 7KLV LV D YLRODWLRQ DJDLQVW /HPPD

�� 4�(�'�

&RUROODU\ �� /HW 7�� 7�� ���� 7N EH N LQGHSHQGHQW

VSDQQLQJ WUHHV URRWHG DW D YHUWH[ U

LQ * � WKH XQLTXH FKLOG RI U LQ 7L

KDV QR FKLOG LQ 7M � IRU DOO M ≠ L� L�M
∈ ^��������N`�

3URRI� %\ &RUROODU\ �� ZH NQRZ WKDW WKH URRW

YHUWH[ U RI 7L KDV N�� JUDQGFKLOGUHQ� /HW Y EH WKH

XQLTXH FKLOG RI WKH URRW LQ VRPH 7L � Y ∈ 1�U�� %\

/HPPD �� WKH XQLRQ RI N FKLOGUHQ VHWV RI Y LQ 7L

KDV N�� YHUWH[� 7KHUHIRUH� IRU DOO 7M ≠ 7L � Y KDV

DQ HPSW\ FKLOGUHQ VHW� 4�(�'�

:H VXPPDUL]H /HPPDV � DQG � DV WKH

IROORZLQJ WKHRUHP�

7KHRUHP �� /HW 7�� 7�� ���� 7N EH N LQGHSHQGHQW

VSDQQLQJ WUHHV URRWHG DW D YHUWH[ U

LQ *� /HW 3 EH D SDWK IURP U WR Y LQ

7L � $Q\ YHUWH[ LQ 3 PD\ KDYH DW

PRVW WZR QHLJKERUV WKDW FDQ EH

IRXQG LQ 3�

3URRI� %\ /HPPDV � DQG �� IRU HYHU\ YHUWH[ Y LQ

*� RQH RI WKH WKUHH FDVHV PXVW EH KHOG� �L� )RU Y

∉ ^U`∪1�U�� D QHLJKERU RI Y LV HLWKHU WKH SDUHQW
RU D FKLOG RI Y LQ 7L � �LL� )RU Y  U� D QHLJKERU RI

U LV HLWKHU WKH XQLTXH FKLOG RI U RU D OHDI YHUWH[

�ZLWK QR FKLOG� LQ 7L � �LLL� )RU Y ∈ 1�U�� D

QHLJKERU RI Y LV HLWKHU WKH SDUHQW RI Y RU WKH URRW

YHUWH[ LQ 7L � 7KHUHIRUH� LI 3 LV D SDWK IURP U WR Y

LQ 7L � HYHU\ YHUWH[ LQ 3 PD\ KDYH DW PRVW WZR

QHLJKERUV DOVR LQ 3� 4�(�'�

1RZ� ZH DUH DW D SRVLWLRQ WR GHGXFH WKH

XSSHU ERXQG DQG WKH ORZHU ERXQG RI WKH KHLJKW

RI N LQGHSHQGHQW VSDQQLQJ WUHHV� /HW G*�X�Y�

GHQRWH WKH GLVWDQFH EHWZHHQ YHUWLFHV X DQG Y LQ

*� WKH KHLJKW RI D VSDQQLQJ WUHH 7 URRWHG DW U LQ

*� GHQRWHG E\ KHLJKW�7�� LV WKH PD[LPXP

GLVWDQFH RI WKH SDWKV IURP U WR DQ\ RWKHU YHUWLFHV

LQ 7� L�H�� KHLJKW�7�  PD[^ G7�U�Y� `� ZKHUH Y ∈
9?^U`�

7KHRUHP �� /HW * EH D N�FRQQHFWHG N�UHJXODU

JUDSK ZLWK RUGHU Q� DQG 7�� 7�� ����

7N DUH N LQGHSHQGHQW VSDQQLQJ

WUHHV RI *� WKHQ ���ORJ
�

−− Q
N

� KHLJKW�7L� � �
����

−
−N

NQ

�

IRU L ∈ ^��������N`�

3URRI� /HW 3L  �U� Y�� Y�� ��� � YK! EH WKH ORQJHVW

SDWK LQ 7L DQG OHW KHLJKW�7L�  G7L�U�YK�  K� :H

SURYH WKH XSSHU ERXQG ILUVW� %\ 7KHRUHP ��

HYHU\ YHUWH[ LQ 3L PD\ KDYH DW OHDVW N��

QHLJKERUV ZKLFK DUH QRW LQ 3L � 7KXV� WKH WRWDO

QXPEHU RI YHUWLFHV RXWVLGH 3L LV DW OHDVW ��K����N�

�����N�����N LI HDFK YHUWH[ KDV N QHLJKERUV LQ 3L �

:H KDYH WKH IROORZLQJ LQHTXDWLRQ �

�K����N��� � N � Q � �K��� �

%\ UHGXFWLRQ� ZH KDYH

K � �
����

−
−N

NQ

�

7KH ORZHU ERXQG RI K LV IRXQG RQ VXFK D IODW WUHH

WKDW HYHU\ LQWHUQDO YHUWH[ �H[FHSW WKH URRW� KDV N�

� FKLOGUHQ� L�H��

K ! ���ORJ
�

−− Q
N

� 4�(�'�

�� $Q DOJRULWKP IRU UHGXFLQJ WKH

KHLJKW RI LQGHSHQGHQW VSDQQLQJ

WUHHV

,Q WKLV VHFWLRQ� ZH VKDOO SURSRVH DQ

DOJRULWKP WR UHGXFH WKH KHLJKW RI LQGHSHQGHQW

VSDQQLQJ WUHHV� %\ DQDO\]LQJ DQG H[FKDQJLQJ

WKH SRVLWLRQV RI YHUWLFHV LQ 7L� WKH KHLJKW RI 7L

PD\ EH UHGXFHG�

,Q D N�FRQQHFWHG N�UHJXODU JUDSK *� HYHU\

YHUWH[ Y KDV N QHLJKERUV� %\ /HPPD �� IRU Y ≠ U�
HDFK QHLJKERU RI Y LV WKH SDUHQW RI Y LQ 7L �L∈
^��������N`�� ,I WKH SRVLWLRQ RI Y LQ 7L FKDQJHV� LWV

SDUHQW PXVW EH FKDQJHG� 7KXV D FKDQJH LQ 7L

WULJJHUV DQRWKHU FKDQJH LQ 7M �M ≠ L�� 7KLV

SKHQRPHQRQ UHVXOWV LQ D N�SHUPXWDWLRQ RI WKH

SDUHQWV RI Y� :H GHILQH D SRVVLEOH H[FKDQJH RI

WKH SRVLWLRQV RI Y LQ 7L DV D SHUPXWDWLRQ �π� π� «

πN �� 7KDW LV� WKH SDUHQW RI Y LQ 7L LV FKDQJHG

IURP YHUWH[ SDUHQW�Y�L� WR YHUWH[ SDUHQW�Y�πL��

)RU H[DPSOH� YHUWH[ � LQ )LJXUH ��E� KDV WKUHH

SDUHQWV� RQH LQ HDFK WUHH� 7KH SRVVLEOH



H[FKDQJHV DUH ������ ������ ������ ������ �����

DQG ������ ZKHUH �π� π� π�� GHQRWHV WKDW WKH

SDUHQW RI YHUWH[ � LQ 7L LV FKDQJHG IURP YHUWH[

SDUHQW���L� WR YHUWH[ SDUHQW��� πL�� L ������ %\

WKH ZD\� H[FKDQJH ����� PHDQV QR H[FKDQJH�

$OWKRXJK WKHUH DUH N� SRVVLEOH H[FKDQJHV

IRU N GLVWLQFW SDUHQWV RI Y LQ N LQGHSHQGHQW

VSDQQLQJ WUHHV� RQO\ VRPH RI WKHP DUH IHDVLEOH�

$ IHDVLEOH H[FKDQJH LV GHILQHG DV WKH SRVVLEOH

H[FKDQJH WKDW IROORZV SURSHUWLHV RI LQGHSHQGHQW

VSDQQLQJ WUHHV� 3DUWLFXODUO\� D IHDVLEOH H[FKDQJH

FDQQRW YLRODWH WKH ³��QHLJKERUV´ SURSHUW\ LQ 7L

PHQWLRQHG LQ 7KHRUHP �� 7KH SRVLWLRQ RI WKH

XQLTXH FKLOG RI WKH URRW LQ 7L FDQQRW EH FKDQJHG

EHFDXVH DOO H[FKDQJHV DUH LQIHDVLEOH� /HW X EH

WKH QHZ SDUHQW RI Y LQ 7L � WKH H[FKDQJH LV

IHDVLEOH LI DQG RQO\ LI �L� X ∉ GHVFHQGDQW�Y�L�� �LL�

IRU DOO Z LQ GHVFHQGDQW�Y�L�?^Y`� 1�Z� ∩
DQFHVWRU�X�L�  φ RU ^U`� L�H�� ∪Z∈GHVFHQGDQW�Y�L�  ^X`

RU ^X�U`� 7KH WLPH FRPSOH[LW\ IRU LGHQWLI\LQJ WKH

IHDVLELOLW\ RI DQ H[FKDQJH LQ N LQGHSHQGHQW

VSDQQLQJ WUHHV LV 2�N� Q�� ZKHUH Q LV WKH QXPEHU

RI YHUWLFHV LQ *�

)RU H[DPSOH� YHUWH[ � LQ )LJXUH ��E�� RQO\

����� LV IHDVLEOH H[FKDQJH EHFDXVH WKH SRVLWLRQ

RI YHUWH[ � LQ 7� FDQQRW EH FKDQJHG� )LJXUH � LV

WKH UHVXOW RI WKH IHDVLEOH H[FKDQJH� ZKHUH 7�
�

7�
 DQG 7�
 GHQRWH WKUHH LQGHSHQGHQW VSDQQLQJ

WUHHV DIWHU WKH IHDVLEOH H[FKDQJH� 2EYLRXVO\� WKH

KHLJKW RI 7� LV UHGXFHG IURP � WR ��

$ IHDVLEOH H[FKDQJH PD\ QRW EH

EHQHILFLDO WR WKH KHLJKW RI LQGHSHQGHQW VSDQQLQJ

WUHHV� /HW 7L
 �L∈ ^��������N`� GHQRWH N

LQGHSHQGHQW VSDQQLQJ WUHHV� :H GHILQH WKH

EHQHILW RI D IHDVLEOH H[FKDQJH RQ YHUWH[ Y LQ 7L

E\

EHQHILW�Y� L� [L� \L�  _GHVFHQGDQW�Y�L�_ �[L � \L��

ZKHUH [L DQG \L GHQRWH WKH GLVWDQFH IURP U WR Y LQ

7L DQG 7L
 UHVSHFWLYHO\� 1RWH WKDW DQ H[FKDQJH

DIIHFWV QRW RQO\ WKH GLVWDQFH IURP U WR Y EXW DOVR

WKH GLVWDQFH IURP U WR DOO GHVFHQGDQWV RI Y� 7KXV

ZH PXOWLSOH WKH GLVWDQFH FKDQJH ZLWK WKH

QXPEHU RI YHUWLFHV LQ GHVFHQGDQW�Y�L��

7KH WRWDO EHQHILW RI D IHDVLEOH H[FKDQJH

RQ YHUWH[ Y LV WKH VXPPDWLRQ RI WKH EHQHILW LQ 7L

�L∈ ^��������N`�� L�H��

WRWDOBEHQHILW�Y�  Σ EHQHILW�Y� L� [L� \L��

ZKHUH L ∈ ^��������N`�

$ IHDVLEOH H[FKDQJH LV EHQHILFLDO LI DQG

RQO\ LI WKH WRWDO EHQHILW LV SRVLWLYH� 7KH WLPH

FRPSOH[LW\ IRU FRPSXWLQJ WKH WRWDO EHQHILW RI DQ

H[FKDQJH LV 2�Q�� ZKHUH Q LV WKH QXPEHU RI

YHUWLFHV LQ *�

)RU H[DPSOH� WKH WRWDO EHQHILW RI WKH

IHDVLEOH H[FKDQJH ����� RQ YHUWH[ � LQ )LJXUH �

LV EHQHILW��� �� �� �� � EHQHILW��� �� �� ��  � �����

� � �����  ��

)RU D VPDOO FRQVWDQW N� WKH IROORZLQJ

DOJRULWKP FDQ UHGXFH WKH KHLJKW RI LQGHSHQGHQW

VSDQQLQJ WUHHV RQ D N�FRQQHFWHG N�UHJXODU JUDSK�

$OJRULWKP 5HGXFHB+HLJKW

,QSXW� $ N�FRQQHFWHG N�UHJXODU JUDSK *� D URRW

YHUWH[ U� DQG N LQGHSHQGHQW VSDQQLQJ

WUHHV 7L � L∈^��������N`�
2XWSXW� N QHZ LQGHSHQGHQW VSDQQLQJ WUHHV ZLWK

UHGXFHG KHLJKW�

6WHS �� )RU HYHU\ YHUWH[ Y LQ * H[FHSW U GR

6WHS �� )RU HYHU\ SRVVLEOH H[FKDQJH π GR

6WHS �� ,GHQWLI\ WKH IHDVLELOLW\ RI π LQ

7L � L∈^��������N`
6WHS �� ,I π LV QRW IHDVLEOH WKHQ JRWR

6WHS �

6WHS �� &RPSXWH WRWDOBEHQHILW�Y� IRU

WKH IHDVLEOH H[FKDQJH π
6WHS �� 'HWHUPLQH WKH H[FKDQJH RI Y ZLWK

PD[LPXP WRWDOBEHQHILW�Y�

6WHS �� ([HFXWH WKH H[FKDQJH LQ 7L �

L∈^��������N`
(QG RI $OJRULWKP 5HGXFHB+HLJKW

6WHS � WDNHV 2�N�Q� WLPH WR LGHQWLI\ WKH

IHDVLELOLW\ RI D SRVVLEOH H[FKDQJH LQ N

LQGHSHQGHQW VSDQQLQJ WUHHV� 6WHS � WDNHV 2�NQ�

WLPH WR FRPSXWH WKH WRWDO EHQHILW RI D IHDVLEOH

H[FKDQJH� 7KXV WKH FRPSOH[LW\ RI DOJRULWKP

5HGXFHB+HLJKW LV 2�Q�� IRU D VPDOO FRQVWDQW N�
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)LJXUH �� ,QGHSHQGHQW VSDQQLQJ WUHHV RI WKH 3HWHUVHQ JUDSK DIWHU D IHDVLEOH H[FKDQJH RQ YHUWH[ ��

�� &RQFOXGLQJ UHPDUNV

)RU D N�FRQQHFWHG N�UHJXODU JUDSK *� ZH

JLYH WKH XSSHU ERXQG DQG WKH ORZHU ERXQG RI WKH

KHLJKW RI N LQGHSHQGHQW VSDQQLQJ WUHHV�

+RZHYHU� ,W UHPDLQV XQNQRZQ ZKHWKHU WKHUH LV D

SRO\QRPLDO WLPH DOJRULWKP IRU UHGXFLQJ WKH

KHLJKW RI N LQGHSHQGHQW VSDQQLQJ WUHHV WR D

PLQLPXP H[WHQW� ,W DOVR UHPDLQV XQNQRZQ

ZKHWKHU WKHUH LV DQ HIILFLHQW DOJRULWKP WR

FRQVWUXFW N LQGHSHQGHQW VSDQQLQJ WUHHV URRWHG DW

DUELWUDU\ YHUWH[ LQ * GLUHFWO\� :H DUH QRZ

ZRUNLQJ RQ WKHVH WRSLFV�

$FNQRZOHGJHPHQW

7KLV ZRUN LV VXSSRUWHG E\ WKH 1DWLRQDO

6FLHQFH &RXQFLO� 5HSXEOLF RI &KLQD� XQGHU

&RQWUDFW ��������(���������

5HIHUHQFHV

>�@ )� %DR� <� ,JDUDVKL� 6�5� gKULQJ� ³5HOLDEOH

EURDGFDVWLQJ LQ SURGXFW QHWZRUNV �´ ,(,&(

7HFKQLFDO 5HSRUW &203 ������� �����

SS�������

>�@ -� &KHUL\DQ� 6� 1� 0DKHVKZDUL� ³)LQGLQJ

QRQVHSDUDWLQJ LQGXFHG F\FOHV DQG

LQGHSHQGHQW VSDQQLQJ WUHHV LQ ��FRQQHFWHG

JUDSKV�´ -RXUQDO RI $OJRULWKPV �� �����

SS���������

>�@ $� +XFN� ³,QGHSHQGHQW WUHHV LQ SODQDU

JUDSKV�´ *UDSKV DQG &RPELQDWRULFV ���

����� SS�������

>�@ $� ,WDL� 0� 5RGHK� ³7KH PXOWL�WUHH

DSSURDFK WR UHOLDELOLW\ LQ GLVWULEXWHG

QHWZRUNV�´ ,QIRUPDWLRQ DQG &RPSXWDWLRQ

��� ����� SS�������

>�@ 6DPLU .KXOOHU� %DUXFK 6FKLHEHU� ³2Q

LQGHSHQGHQW VSDQQLQJ WUHHV´� ,QIRUPDWLRQ

3URFHVVLQJ /HWWHUV ��� ����� SS���������

>�@ $� =HKDYL� $� ,WDL� ³7KUHH WUHH�SDWKV�´

-RXUQDO RI *UDSK 7KHRU\ ��� �����

SS���������


