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)X�/RQJ <HK� 6K\XH�0LQJ 7DQJ� <XH�/L :DQJ DQG 7LQJ�<HP +R

'HSDUWPHQW RI ,QIRUPDWLRQ 0DQDJHPHQW�

1DWLRQDO 7DLZDQ 8QLYHUVLW\ RI 6FLHQFH DQG 7HFKQRORJ\� 7DLSHL &LW\� 7DLZDQ� 5� 2� &�

(PDLO� \OZDQJ#FV�QWXVW�HGX�WZ

½

7KLV ZRUN ZDV VXSSRUWHG E\ WKH 1DWLRQDO 6FLHQFH &RXQFLO� 5HSXEOLF RI &KLQD� XQGHU &RQWUDFW 16&���������(��������

$%675$&7

,Q D ELFRQQHFWHG JUDSK� D GHWRXU IURP D YHUWH[ X WR VRPH

GHVWLQDWLRQ YHUWH[ V LV GHILQHG DV DQ DOWHUQDWLYH VKRUWHVW

SDWK IURP X WR V ZKHQ WKH HGJH �X� Y� LV QRW DYDLODEOH LQ D

VKRUWHVW SDWK �X� Y� ���� V!� 7KH ORQJHVW GHWRXU �/'�

SUREOHP LV WR ILQG DQ HGJH �X� Y�� FDOOHG WKH GHWRXU�FULWLFDO

HGJH� DORQJ D VKRUWHVW SDWK �U���X�Y���V!� VXFK WKDW WKH

UHPRYDO RI �X� Y� PD\ FDXVH PD[LPXP LQFUHPHQW RI

GLVWDQFH IURP X WR V� 7KH /' SUREOHP FDQ EH VROYHG LQ

2�P � Q ORJ Q� WLPH� ZKHUH P DQG Q GHQRWH WKH QXPEHU RI

YHUWLFHV DQG HGJHV� UHVSHFWLYHO\� LQ D JUDSK� ,Q WKLV SDSHU�

ZH DUH FRQFHUQHG ZLWK WKH /' SUREOHP ZLWK UHVSHFW WR D

VKRUWHVW SDWK WUHH RI D JUDSK� $Q 2�P α�P� Q�� WLPH

DOJRULWKP IRU ILQGLQJ D GHWRXU�FULWLFDO HGJH LQ D VKRUWHVW

SDWK WUHH LV SUHVHQWHG LQ WKLV SDSHU� ZKHUH α LV D IXQFWLRQDO

LQYHUVH RI $FNHUPDQQ©V IXQFWLRQ�

.H\ZRUGV � /RQJHVW GHWRXU� 'HWRXU�FULWLFDO HGJH�

6KRUWHVW SDWK� %LFRQQHFWHG JUDSKV�

�� ,1752'8&7,21

/HW *�9� (� EH DQ XQGLUHFWHG JUDSK� ZKHUH 9 DQG ( DUH

YHUWH[ VHW DQG HGJH VHW� UHVSHFWLYHO\� $ ZHLJKWHG JUDSK LV

D JUDSK LQ ZKLFK HYHU\ HGJH H ∈ ( LV DVVRFLDWHG ZLWK D

QRQQHJDWLYH UHDO ZHLJKW Z�H� ZKLFK FDQ DOVR EH GHQRWHG

DV Z�[� \� LI [ DQG \ DUH WZR HQG YHUWLFHV RI H � 7KH OHQJWK

RI D SDWK LV WKH ZHLJKW VXPPDWLRQ RI HGJHV LQ WKH SDWK� $

VKRUWHVW SDWK EHWZHHQ YHUWLFHV U DQG V LQ *� GHQRWHG DV

3*�U� V�� LV GHILQHG DV D SDWK ZLWK WKH VKRUWHVW OHQJWK IURP

U WR V� 7KH GLVWDQFH EHWZHHQ YHUWLFHV U DQG V� GHQRWHG DV

G*�U� V�� LV WKH OHQJWK RI 3*�U� V��

/HW 3*�U� V� �U���X�Y���V! EH WKH VKRUWHVW SDWK

IURP U WR V� $ GHWRXU DW YHUWH[ X� GHQRWHG DV 3*�H�X� V�� LV

GHILQHG DV D VKRUWHVW SDWK IURP X WR V ZLWKRXW XVLQJ WKH

HGJH H �X� Y�� 7KH JUDSK *�H LV REWDLQHG E\ UHPRYLQJ

HGJH H IURP *� 1RWLFH WKDW D GHWRXU LV D VKRUWHVW SDWK IURP

X WR V� QRW U WR V� LQ *�H� 7KH ORQJHVW GHWRXU �/'� SUREOHP

LV WR ILQG DQ HGJH H �X� Y�� FDOOHG WKH GHWRXU�FULWLFDO HGJH�

LQ 3*�U� V� VXFK WKDW G*�H�X� V� PLQXV G*�X� V� LV

PD[LPXP�

�

�

�

�

�

�

�
�

��

��

�

��

���
���

���
���

������

���

���

���

���

���

���

���

���

���
���

���

���

)LJXUH �� $ ZHLJKWHG JUDSK *�

)RU H[DPSOH� VHH )LJXUH �� 3*�����  ��� �� �! LV WKH

VKRUWHVW SDWK IURP � WR �� 3DWKV ������! DQG ��������! DUH

WKH GHWRXUV DW YHUWLFHV � DQG �� UHVSHFWLYHO\� ZLWK UHVSHFW

WR 3*������ ,Q RWKHU ZRUGV� SDWKV ������! DQG ��������!

DUH WDNHQ DV WKH VKRUWHVW SDWKV WRZDUG YHUWH[ � ZKHQ HGJHV



Å

����� DQG ������ UHVSHFWLYHO\� DUH QRW DYDLODEOH� 7KH

GHWRXU�FULWLFDO HGJH RI 3*����� LV ������ EHFDXVH G*�

���������� � G*�����  ��� � ���  ��� LV JUHDWHU WKDQ G*�

���������� � G*�����  ��� � ���  ����

7KH DOJRULWKP IRU ILQGLQJ GHWRXUV� DV ZHOO DV

GHWHUPLQLQJ WKH GHWRXU�FULWLFDO HGJH� LV LPSRUWDQW IURP WKH

YLHZSRLQW RI QHWZRUN PDQDJHPHQW� 'XH WR D VXGGHQ OLQN

IDLOXUH IURP VRPH QRGH� D PHVVDJH PXVW EH WUDQVPLWWHG

WKURXJK D GHWRXU IURP WKH QRGH LQVWHDG RI WKH IDLOHG OLQN�

,Q >�@� 1DUGHOOL HW DO� JDYH DQ 2�P � Q ORJ Q� DOJRULWKP IRU

ILQGLQJ D GHWRXU�FULWLFDO HGJH RQ D VKRUWHVW SDWK� ZKHUH P

DQG Q DUH WKH QXPEHU RI YHUWLFHV DQG HGJHV� UHVSHFWLYHO\�

RI D JUDSK�

/HW 6*�V� EH D WUHH RI WKH VKRUWHVW SDWKV IURP YHUWH[

V WR DOO RWKHU YHUWLFHV LQ D JUDSK *� 7KH /' SUREOHP ZLWK

UHVSHFW WR 6*�V�� FDOOHG WKH 7UHH /RQJHVW 'HWRXU �7/'�

SUREOHP� LV WR ILQG D GHWRXU�FULWLFDO HGJH �X�Y� LQ 6*�V��

ZLWK Y FORVHU WR V WKDQ X� VXFK WKDW WKH UHPRYDO RI �X�Y�

UHVXOWV LQ PD[LPXP LQFUHPHQW RI GLVWDQFH IURP X WR V� %\

DSSO\LQJ 1DUGHOOL©V DOJRULWKP IRU HYHU\ SDWK LQ 6*�V�� WKLV

SUREOHP FDQ EH VROYHG LQ 2�PQ � Q� ORJ Q� WLPH� :H VKDOO

GHVLJQ DQ 2�P α�P�Q�� WLPH DOJRULWKP WR FRQTXHU WKLV

SUREOHP� ZKHUH α LV D IXQFWLRQDO LQYHUVH RI $FNHUPDQQ©V

IXQFWLRQ�

,Q WKH SDVW� WKH VKRUWHVW SDWK UHODWHG SUREOHPV KDYH

EHHQ VWXGLHG ZLGHO\ >��������@� 7KH PRVW YLWDO HGJH

�09(� SUREOHP� RU WKH ��09( SUREOHP� ZKLFK LV D

YDULDWLRQ RI WKH VKRUWHVW SDWK SUREOHP� KDV DOVR EHHQ

VWXGLHG ZLGHO\ >�����@� 7KHUH DUH WZR GHILQLWLRQV

FRQFHUQLQJ WKH 09( SUREOHP� ,Q >�@� D PRVW YLWDO HGJH

ZLWK UHVSHFW WR WKH PLQLPXP VSDQQLQJ WUHH RI D JUDSK LV

WKH HGJH WKDW� ZKHQ UHPRYHG� UHVXOWV LQ WKH JUHDWHVW ZHLJKW

LQFUHPHQW RI WKH PLQLPXP VSDQQLQJ WUHH� ,Q >�@ DQG >�@� D

PRVW YLWDO HGJH ZLWK UHVSHFW WR D VKRUWHVW SDWK LV WKH HGJH

ZKRVH UHPRYDO UHVXOWV LQ WKH JUHDWHVW LQFUHDVH LQ WKH

GLVWDQFH EHWZHHQ WZR HQG YHUWLFHV� %\ FRPSDULQJ WKHLU

GHILQLWLRQV� ZH NQRZ WKDW WKH GHWRXU�FULWLFDO HGJH LV

GLIIHUHQW IURP WKH PRVW YLWDO HGJH ZLWK UHVSHFW WR D

VKRUWHVW SDWK� 7KH PRVW YLWDO HGJH RI 3*�U� V� LV WKH VDPH

DV WKH PRVW YLWDO HGJH RI 3*�V� U�� +RZHYHU� WKH GHWRXU�

FULWLFDO HGJH RI 3*�U� V� LV QRW QHFHVVDULO\ WKH VDPH DV WKH

GHWRXU�FULWLFDO HGJH RI 3*�V� U��

7KH UHPDLQGHU RI WKLV SDSHU LV RUJDQL]HG DV

IROORZV� ,Q 6HFWLRQ �� ZH LQWURGXFH VRPH QRWDWLRQ XVHG LQ

WKLV SDSHU� ,Q 6HFWLRQ �� ZH SURSRVH DQ 2�P α�P�Q�� WLPH
DOJRULWKP IRU VROYLQJ WKH 7/' SUREOHP� 6HFWLRQ �

FRQWDLQV WKH FRQFOXGLQJ UHPDUNV�

�� 127$7,21

%HIRUH GHVFULELQJ RXU DOJRULWKP� ZH GHILQH VRPH QRWDWLRQ

ZKLFK ZLOO EH XVHG WKURXJKRXW WKLV SDSHU� 0RVW RI WKHP

DUH DOVR XVHG LQ >�@�

/HW 6*�V� EH D VKRUWHVW SDWK WUHH RI * URRWHG DW

YHUWH[ V� $Q HGJH LQ 6*�V� LV FDOOHG D WUHH HGJH� DQG D

QRQWUHH HGJH LI LW LV QRW D WUHH HGJH LQ 6*�V�� &OHDUO\� DQ\

GHWRXU IURP D YHUWH[ LQ WKH JUDSK PXVW PDNH XVH RI VRPH

QRQWUHH HGJH LQ RUGHU WR DUULYH DW V DJDLQ� )RU H[DPSOH�

)LJXUH � LV 6*��� RI WKH JUDSK LQ )LJXUH �� 1RQWUHH HGJH

��� �� LV LQFOXGHG LQ WKH GHWRXU IURP YHUWH[ � ZKHQ WUHH

HGJH ��� �� LV QRW DYDLODEOH�
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)LJXUH �� 6*��� RI JUDSK *�

WUHH HGJH

QRQWUHH HGJH

,W IROORZV WKURXJKRXW WKLV SDSHU WKDW DQ HGJH �X� Y�

LQ 6*�V� PHDQV WKDW WKH ODWWHU YHUWH[ Y LV FORVHU WR V WKDQ X�

7KH IRUPHU YHUWH[ X LV FDOOHG WKH GHWRXU VWDUWLQJ YHUWH[�

%DVHG RQ WKH SURSHUW\ RI D VKRUWHVW SDWK WUHH� ZH KDYH WKH

IROORZLQJ OHPPD�

/HPPD � /HW H �X� Y� EH DQ HGJH LQ 6*�V� DQG X EH D

GHWRXU VWDUWLQJ YHUWH[� 7KHUH H[LVWV D GHWRXU IURP X WR WKH

GHVWLQDWLRQ YHUWH[ V ZKLFK FRQWDLQV H[DFWO\ RQH QRQWUHH

HGJH ZLWK UHVSHFW WR 6*�V��

3URRI � /HW �[� \� EH WKH ILUVW QRQWUHH HGJH HQFRXQWHUHG LQ

WKH GHWRXU IURP X WR V� &OHDUO\� WKH SDWK IURP \ WR V LQ

6*�V� LV D VKRUWHVW SDWK EHWZHHQ \ DQG V� ,I WKHUH H[LVWV

DQRWKHU QRQWUHH HGJH �[©� \©� LQ WKH GHWRXU� WKHQ WKH SDWK

IURP \ WR V ZKLFK SDVV WKURXJK �[©� \©� PXVW EH ORQJHU WKDQ

RU HTXDO WR WKH SDWK IURP \ WR V LQ 6*�V�� 7KXV� WKH OHPPD

IROORZV� 4� (� '�
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$FFRUGLQJ WR /HPPD �� ZH FDOO WKH RQO\ QRQWUHH

HGJH LQ D GHWRXU WKH FURVVLQJ HGJH RI WKH GHWRXU� 1RWH WKDW

WKH GHWRXU IURP D YHUWH[ PD\ EH PRUH WKDQ RQH� ,Q FDVH RI

PXOWLSOH GHWRXUV� WKHLU OHQJWK PXVW EH HTXDO� 7KH OHQJWK RI

D GHWRXU IURP X WR V LV IRUPXODWHG DV �

G*�H�X� V�  G*�H�X� [� � Z�[� \� � G*�H�\� V��

ZKHUH H �X� Y� LV D WUHH HGJH LQ 6*�V� DQG �[� \� LV WKH

FURVVLQJ HGJH RI YHUWH[ X� ,Q IDFW� G*�H�X� [�  G*�X� [��

VLQFH [ EHORQJV WR WKH VXEWUHH RI 6*�V� URRWHG DW X�

0RUHRYHU� G*�H�\� V�  G*�\� V�� VLQFH \ EHORQJV WR WKH VHW

RI YHUWLFHV UHDFKDEOH IURP V ZLWKRXW SDVVLQJ WKURXJK HGJH

H LQ 6*�V�� 7KXV� ZH KDYH

G*�H�X�V�  G*�X�[� � Z�[�\� � G*�\�V� �

/HW ] EH WKH ORZHVW FRPPRQ DQFHVWRU RI WKH WZR YHUWLFHV

RI D QRQWUHH HGJH �[� \�� $ IXQGDPHQWDO F\FOH� GHQRWHG DV

&�[� \�� LV WKH F\FOH ZKLFK FRQVLVWV H[DFWO\ RI 3*�]� [�� �[�

\� DQG 3*�\� ]�� 7KH .�YDOXH RI &�[� \�� GHQRWHG DV .�[�

\�� LV WKH WRWDO OHQJWK RI D FORVH ZDON IURP V WR [� WKHQ WR \�

ILQDOO\ IURP \ WR V� 7KDW LV�

.�[� \�  G*�V� [� � Z�[� \� � G*�\� V��

)RU H[DPSOH� VHH )LJXUH � DJDLQ� .��� ��  G*��� �� �

Z��� �� � G*��� ��  ���� DQG .��� ��  G*��� �� � Z���

�� � G*��� ��  ���� 1RWLFH WKDW WKH ORZHVW FRPPRQ

DQFHVWRU RI WKH WZR YHUWLFHV RI D QRQWUHH HGJH �[� \� PD\

EH WKH URRW RI 6*�V�� ,Q FDVH RI LGHQWLW\� .�[� \� LV WKH WRWDO

OHQJWK RI IXQGDPHQWDO F\FOH &�[� \��

$OWKRXJK D IXQGDPHQWDO F\FOH LV RQH�WR�RQH

FRUUHVSRQGLQJ WR D QRQWUHH HGJH� PXOWLSOH IXQGDPHQWDO

F\FOHV PD\ FRYHU WKH VDPH WUHH HGJHV RI 6*�V�� )RU

H[DPSOH� WUHH HGJH ��� �� LQ )LJXUH � LV FRYHUHG E\ IRXU

IXQGDPHQWDO F\FOHV� L�H�� &��� �� � &��� �� � &��� �� DQG

&��� ��� ,W LV REYLRXVO\ WUXH WKDW LI * LV ELFRQQHFWHG� WKHQ

HDFK WUHH HGJH RI 6*�V� PXVW EH FRYHUHG E\ DW OHDVW RQH

IXQGDPHQWDO F\FOH� /HW �X� Y� EH WKH XQDYDLODEOH HGJH LQ

6*�V�� DQG �[� \� EH D FURVVLQJ HGJH RI YHUWH[ X� 5HFDOO

WKDW D FURVVLQJ HGJH LV WKH RQO\ QRQWUHH HGJH LQ D GHWRXU�

7KH IXQGDPHQWDO F\FOH &�[� \� ZKLFK FRYHUV ERWK �[� \�

DQG �X� Y� LV FDOOHG D GHWRXU F\FOH RI YHUWH[ X� ,Q )LJXUH ��

&��� �� LV D GHWRXU F\FOH RI YHUWH[ � LQ 6*����

/HPPD � /HW )H EH WKH VHW RI IXQGDPHQWDO F\FOHV ZKLFK

FRYHU HGJH H LQ 6*�V�� &�[� \� LV D GHWRXU F\FOH RI H LI

DQG RQO\ LI WKH .�YDOXH RI &�[� \� LV PLQLPXP DPRQJ DOO

IXQGDPHQWDO F\FOHV LQ )H �

3URRI � /HW �[� \� EH WKH FURVVLQJ HGJH RI D IXQGDPHQWDO

F\FOH &�[� \� ∈ )H �ZKHUH H �X� Y�� DQG DVVXPH ZLWKRXW

ORVV RI JHQHUDOLW\ WKDW X LV LQ WKH VKRUWHVW SDWK IURP V WR [�

6LQFH G*�V� [�  G*�V� X� � G*�X� [�� WKH .�YDOXH RI &�[�

\� FDQ EH GHULYHG DV IROORZV �

.�[� \�  G*�V� [� � Z�[� \� � G*�\� V�

 G*�V� X� � G*�X� [� � Z�[� \� � G*�\� V��

,Q WKH DERYH IRUPXOD� G*�V� X� LV WKH FRPPRQ LWHP RI WKH

.�YDOXHV RI DOO IXQGDPHQWDO F\FOHV LQ )H� ,I WKH .�YDOXH RI

&�[� \� LV PLQLPXP DPRQJ DOO IXQGDPHQWDO F\FOHV LQ )H �

WKHQ G*�X� [� � Z�[� \� � G*�\� V� PXVW EH PLQLPXP DQG

�[� \� LV WKH FURVVLQJ HGJH RI D GHWRXU IURP X�

&RQYHUVHO\� VXSSRVH WKDW �[� \� LV D FURVVLQJ HGJH

RI YHUWH[ X� 7KH YDOXH RI G*�X� [� � Z�[� \� � G*�\� V� LV

WKH OHQJWK RI D GHWRXU IURP X WR V� ,W PXVW EH PLQLPXP

DPRQJ DOO IHDVLEOH SDWKV IURP X WR V LQ * � H� 7KHUHIRUH�

WKH .�YDOXH RI &�[�\� LV DOVR PLQLPXP DPRQJ DOO

IXQGDPHQWDO F\FOHV LQ )H � 4� (� '�

:H XVH DQ H[DPSOH WR LOOXVWUDWH /HPPD �� ,Q

)LJXUH �� IXQGDPHQWDO F\FOHV ZKLFK FRYHU HGJH ����� LQ

6*��� � L�H�� )����� � DUH &������ &������ &����� DQG &������

&����� LV D GHWRXU F\FOH RI YHUWH[ � EHFDXVH .����� LV WKH

VPDOOHVW DPRQJ .������ .������ .����� DQG .������

/HPPD � VKRZV WKDW ZH FDQ FRPSXWH WKH GHWRXU

OHQJWK IURP WKH .�YDOXH RI D GHWRXU F\FOH� 7KDW LV� WKH

GHWRXU OHQJWK IURP D YHUWH[ X HTXDOV G*�X� [� � Z�[� \� �

G*�\� V�  .�[� \� � G*�V� X� � ZKHUH �[� \� LV D FURVVLQJ

HGJH RI YHUWH[ X� /HW ,�X� EH WKH GLVWDQFH LQFUHPHQW IURP

D GHWRXU VWDUWLQJ YHUWH[ X WR WKH GHVWLQDWLRQ YHUWH[ V� 7R

ILQG D GHWRXU�FULWLFDO HGJH H �X�Y� RI 6*�V� LV WR ILQG WKH

PD[LPXP ,�X� DPRQJ DOO GHWRXU VWDUWLQJ YHUWLFHV X LQ

6*�V�� /HPPD � SURYLGHV D IRUPXOD WR FRPSXWH ,�X�

HIILFLHQWO\�

/HPPD � /HW X EH D GHWRXU VWDUWLQJ YHUWH[ LQ 6*�V��

7KHQ� ,�X�  .�[�\� � � G*�V�X�� ZKHUH �[�\� LV WKH FURVVLQJ

HGJH RI D GHWRXU IURP YHUWH[ X�

3URRI � /HW H  �X�Y� EH D WUHH HGJH LQ 6*�V��

,�X�  G*�H�X� V� � G*�X� V�

 G*�X� [� � Z�[� \� � G*�\� V� � G*�V� X�

 .�[� \� � G*�V� X� � G*�V� X�

 .�[� \� � � G*�V� X�� 4� (� '�
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7R GHWHUPLQH D GHWRXU�FULWLFDO HGJH RI 6*�V�� ZH VKRXOG

FRPSXWH WKH GLVWDQFH LQFUHPHQW ,�X� IRU HYHU\ YHUWH[ X LQ

6*�V� H[FHSW YHUWH[ V� ,QWXLWLYHO\� VLQFH WKHUH DUH DW PRVW

2�P� IXQGDPHQWDO F\FOHV ZKLFK PD\ FRYHU D GHWRXU

VWDUWLQJ YHUWH[ ZLWK UHVSHFW WR 6*�V�� WKH FRPSXWDWLRQ RI

,�X� QHHGV 2�P� WLPH IRU YHUWH[ X� ,W UHTXLUHV 2�PQ� WLPH

WR FRPSXWH ,�X� IRU DOO WKH YHUWLFHV LQ 6*�V�� 7KHUHIRUH� LW

WDNHV 2�PQ� WLPH WR GHWHUPLQH D GHWRXU�FULWLFDO HGJH RI

6*�V� E\ XVLQJ WKH QDLYH DOJRULWKP� +RZHYHU� LQ WKH

IROORZLQJ� ZH SURSRVH DQ 2�P α�P� Q� � DOJRULWKP WR

VROYH WKLV SUREOHP�

7R GHVLJQ DQ HIILFLHQW DOJRULWKP IRU VROYLQJ WKH

7/' SUREOHP� ZH QHHG D GDWD VWUXFWXUH� FDOOHG D

WUDQVPXWHU� ZKLFK ZDV LQWURGXFHG LQ >��@� $ WUDQVPXWHU LV

D GLUHFWHG DF\FOLF JUDSK WKDW UHSUHVHQWV WKH UHODWLRQ

EHWZHHQ WKH GHWRXU VWDUWLQJ YHUWLFHV DQG WKH IXQGDPHQWDO

F\FOHV LQ 6*�V�� ,Q D WUDQVPXWHU� RQH VRXUFH �QRGH RI LQ�

GHJUHH ]HUR� UHSUHVHQWV D GHWRXU VWDUWLQJ YHUWH[ LQ 6*�V��

RQH VLQN �QRGH RI RXW�GHJUHH ]HUR� UHSUHVHQWV D

IXQGDPHQWDO F\FOH LQ 6*�V�� DQG HYHU\ LQWHUPHGLDWH QRGH

KDV DW OHDVW WZR RXW�GHJUHHV DV ZHOO DV DW OHDVW WZR LQ�

GHJUHHV� :H ODEHO HDFK VRXUFH QRGH ZLWK LWV

FRUUHVSRQGLQJ YHUWH[ DQG HDFK VLQN QRGH ZLWK LWV

FRUUHVSRQGLQJ QRQWUHH HGJH RI 6*�V�� 7KH IXQGDPHQWDO

SURSHUWLHV RI D WUDQVPXWHU DUH DV IROORZV� �L� 7KHUH LV D

GLUHFWHG HGJH IURP D VRXUFH QRGH X WR D VLQN QRGH &�[� \�

LQ WKH WUDQVPXWHU LI DQG RQO\ LI YHUWH[ X LV FRYHUHG E\

IXQGDPHQWDO F\FOH &�[� \� LQ *� �LL� :KHQ WZR RU PRUH

GHWRXU VWDUWLQJ YHUWLFHV VKDUH WZR RU PRUH IXQGDPHQWDO

F\FOHV� WKHUH H[LVWV D FRPPRQ LQWHUPHGLDWH QRGH LQ WKH

SDWKV IURP WKH FRUUHVSRQGLQJ VRXUFH QRGHV WR WKH

FRUUHVSRQGLQJ VLQN QRGHV� )RU H[DPSOH� WKH WUDQVPXWHU

FRUUHVSRQGLQJ WR 6*��� LV VKRZQ DV IROORZV�
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)LJXUH �� 7UDQVPXWHU IRU 6*����
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6LQFH YHUWH[ � LV FRYHUHG E\ &������ WKHUH LV D

GLUHFWHG HGJH IURP WKH VRXUFH QRGH � WR WKH VLQN QRGH

&������ $OO RI WKH YHUWLFHV �� � DQG � DUH FRYHUHG E\ DOO RI

WKH IXQGDPHQWDO F\FOHV &������ &����� DQG &������

7KHUHIRUH� WKHUH H[LVWV D FRPPRQ LQWHUPHGLDWH QRGH LQ WKH

SDWKV IURP WKH VRXUFH QRGHV WR WKH VLQN QRGHV�

,Q >��@� 7DUMDQ KDV GHVFULEHG DQ 2�P α�P�Q�� WLPH
DOJRULWKP WR FRQVWUXFW D WUDQVPXWHU IRU D VKRUWHVW SDWK WUHH

ZLWK UHVSHFW WR D JUDSK RI VL]H P DQG RUGHU Q� 0HDQZKLOH�

LW KDV EHHQ SURYHG WKDW D WUDQVPXWHU KDV 2�P α�P�Q��
QRGHV DQG HGJHV� *LYHQ D WUDQVPXWHU� ZH FDQ HIILFLHQWO\

GHWHUPLQH D GHWRXU F\FOH� DV ZHOO DV D FURVVLQJ HGJH� IRU

HDFK YHUWH[ LQ 6*�V��

:H FDQ FRPSXWH ,�X� IRU HYHU\ GHWRXU VWDUWLQJ

YHUWH[ X LQ 6*�V� E\ XVLQJ WKH WUDQVPXWHU RI 6*�V�� /HW

HDFK QRGH [ RI WKH WUDQVPXWHU KDYH DQ DVVRFLDWHG YDOXH

$�[�� ,I [ LV D VLQN QRGH� WKHQ $�[� LV HTXDO WR WKH .�

YDOXH RI WKH IXQGDPHQWDO F\FOH [� RWKHUZLVH� $�[�  

0LQ\∈ 1�[�^$�\�`� ZKHUH 1�[� LV WKH LPPHGLDWH

VXFFHVVRUV RI [� ,Q )LJXUH �� 7KH YDOXH EHVLGH HDFK QRGH LV

WKH DVVRFLDWHG YDOXH RI WKDW QRGH� )RU D VRXUFH QRGH X�

$�X� LV WKH .�YDOXH RI D GHWRXU F\FOH RI X� 7KXV� ,�X�  

$�X� � � G*�X�V� IRU HYHU\ GHWRXU VWDUWLQJ YHUWH[ X LQ

6*�V��

1RZ� ZH DUH LQ D SRVLWLRQ WR GHVFULEH RXU DOJRULWKP

IRU VROYLQJ WKH 7/' SUREOHP�

$OJRULWKP )LQGB'&(

,QSXW� $ VKRUWHVW SDWK WUHH URRWHG DW YHUWH[ V� 6*�V�� RI D

ELFRQQHFWHG JUDSK *�9�(��

2XWSXW� $ GHWRXU�FULWLFDO HGJH RI 6*�V��

0HWKRG�

6WHS �� )RU HYHU\ QRQWUHH HGJH �[� \�∈ 6*�V�� FRPSXWH WKH

.�YDOXH RI &�[� \�� ZKHUH

.�[� \�  G*�V� [� � Z�[� \� � G*�\� V��

6WHS �� &RQVWUXFW D WUDQVPXWHU RI 6*�V��

6WHS �� 2EWDLQ WKH DVVRFLDWHG YDOXH RI $�[� IRU HDFK QRGH

[ LQ WKH WUDQVPXWHU�

6WHS �� )RU HDFK VRXUFH QRGH X LQ WKH WUDQVPXWHU� RPSXWH

,�X�  $�X� � � G*�X� V��

6WHS �� )LQG D GHWRXU�FULWLFDO HGJH �X� Y� RI 6*�V�� ZKHUH

,�X� LV PD[LPXP DPRQJ DOO WKH DVVRFLDWHG YDOXHV RI

WKH VRXUFH QRGHV LQ WKH WUDQVPXWHU�

(QG RI $OJRULWKP )LQGB'&(
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:H DOVR XVH )LJXUH � DV DQ H[DPSOH WR LOOXVWUDWH

$OJRULWKP )LQGB'&(� 7KH UHVXOW RI 6WHSV � WR � DUH

VKRZQ DV )LJXUH �� 6WHS � FRPSXWHV ,�X� IRU HDFK YHUWH[ X�

:H FDQ VHH WKDW ,���  $��� � � G*��� ��  ��� � ���  

���� 7KH YDOXHV RI ,���� ,����� �,���� DUH ���� �� ����

���� ���� ���� ���� ���� � DQG ���� 7KHUHIRUH� WKH GHWRXU�

FULWLFDO HGJH RI 6*��� LV HGJH ������ VLQFH ,����  ���

PDNHV WKH ODUJHVW GLVWDQFH LQFUHPHQW ZKHQ HGJH ������ LV

XQDYDLODEOH�

6WHS � WDNHV 2�P� WLPH WR FRPSXWH .�[�\� IRU DOO RI

WKH QRQWUHH HGJHV LQ 6*�V�� 6WHS � UHTXLUHV 2�P α�P�Q��
WLPH WR FRQVWUXFW WKH WUDQVPXWHU RI 6*�V� E\ XVLQJ

7DUMDQ©V DOJRULWKP� 6WHS � DOVR WDNHV 2�P α�P�Q�� WLPH WR
REWDLQ WKH DVVRFLDWHG YDOXHV RI DOO WKH QRGHV LQ WKH

WUDQVPXWHU� 2EYLRXVO\� ERWK 6WHSV � DQG � UHTXLUH 2�Q�

WLPH� 7KHUHIRUH� WKH WLPH FRPSOH[LW\ RI $OJRULWKP

)LQGB'&( LV 2�P α�P�Q���
%\ VXPPDUL]LQJ DERYH GHVFULSWLRQ� ZH KDYH WKH

IROORZLQJ WKHRUHP�

7KHRUHP �� $OJRULWKP )LQGB'&( FDQ VROYH WKH 7/'

SUREOHP LQ 2�P α�P� Q� � WLPH�

�� &21&/8',1* 5(0$5.6

7KH 7/' SUREOHP KDV PDQ\ LQWHUHVWLQJ SURSHUWLHV� )RU

H[DPSOH� WKHUH PD\ H[LVW PXOWLSOH GHWRXU�FULWLFDO HGJHV LQ

D VKRUWHVW SDWK WUHH� 7KHUH PD\ DOVR H[LVW PXOWLSOH GHWRXUV

RU GHWRXU F\FOHV IURP D GHWRXU VWDUWLQJ YHUWH[ ZLWK UHVSHFW

WR D VKRUWHVW SDWK WUHH� :LWK PLQRU PRGLILFDWLRQ� RXU

DOJRULWKP FDQ ILQG DOO GHWRXU F\FOHV RI D GHWRXU VWDUWLQJ

YHUWH[� DV ZHOO DV DOO GHWRXU�FULWLFDO HGJHV LQ D VKRUWHVW

SDWK WUHH�

,Q JHQHUDO� ZH H[WHQG WKH /' SUREOHP IURP D

VLQJOH VKRUWHVW SDWK WR D VKRUWHVW SDWK WUHH URRWHG DW D

YHUWH[ RI D JLYHQ JUDSK� $VVXPH WKH /' SUREOHP RI RQH

VKRUWHVW SDWK WR EH D ¦RQH�WR�RQH§ IDVKLRQ� WKH 7/'

SUREOHP ZLOO EH D ¦PDQ\�WR�RQH§ IDVKLRQ� 7KH IRUPHU FDQ

EH YLHZHG DV D VSHFLDO FDVH RI WKH ODWWHU� ,Q WKH QHDU IXWXUH�

ZH VKDOO IRFXV RXU VWXG\ RQ DQ HIILFLHQW DOJRULWKP IRU

ILQGLQJ D GHWRXU�FULWLFDO HGJH ZLWK UHVSHFW WR DOO SDLUHG

VKRUWHVW SDWKV LQ DQ XQGLUHFWHG JUDSK� 7KDW SUREOHP LV LQ D

IDVKLRQ RI ¦PDQ\�WR�PDQ\§� $ SDUDOOHO DOJRULWKP

GHGLFDWHG WR WKH 7/' SUREOHP LV DQRWKHU WRSLF WKDW QHHGV

RXU HIIRUW�
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