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Abstract—Let @, = (V, U Vi, E) be the n- between each pair of verticesandv for u € Vj, and

dimensiona_l hypercube. An _Let F, be the set ch fa v € V,. Abipartite graphG = (VbUVw, E) is hyper-
pairs of adjacently faulty vertices. Let s1,t3,¢%, -, t]" € Hamiltonian laceable if there exists a Hamiltonian
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Vo, 52,11, 13, -+, 85° € Vi, be arbitrary fault-free vertices vy hatween each pair of vertices and v of
of Q. In this paper, we construct the spanning internally G f v V. {i il — {p A
disjoint paths P(sq,ti) and P(sq,t3) of Q, — F, for —{yy forw,v € Vi, z € Vj, {i, 5} = {b,w}.

fodki+ke<n—1land1<i<k,1<j<ks. graph G is k edges hyper-Hamiltonian laceable if
Index Terms—hypercube, vertices fault-tolerance, fan- G — F, is hyper-Hamiltonian laceabkF, C E and
ability, bifanability, Hamiltonian-laceable |F.| = k. A graphG is k edges hyper-Hamiltonian
laceable if G — F, is hyper-Hamiltonian laceable.
|. INTRODUCTION VF, C E and|F.| = k.

The hypercube network is one of the most popular The following concepts are introduced inl [2].
interconnection networks. It has many attractivd k-container C(s,t) of a graphG is a set of
properties, such as regularity, symmetry, small dg-internal vertex disjoint paths betweenand ¢.
gree and diameter, maximum fault tolerance, eakgt V' (C(s,t)) be the set of vertices incident with
routing algorithms. some paths irC'(s,t). A k*-container C'(s,t) is a

Network topology is usually represented by &-container thal’(C(s,t)) = V(G). A k*-laceable
graph where vertices represent processors and edgfaph is a bipartite graph that there exists:’a
represent links between processors. bipartite container between every two vertices with different
graph G = (V, U V,,, F) is a graph such thatcolor. Thus, a graph is*-laceable an@*-laceable if
V, NV, = 0 and everye = (u,v) € E,u € V, and only ifitis Hamiltonian laceable. Inl[2], Chang
andv € V,. Let V,(V,,) be the set of black(white) et al. showed thaf),, is k*-laceable forl < k < n.
vertices. Ann-dimensional hypercub@,, is a bipar-  In [3], Chen et al. proposed some more general
tite graph with2" vertices. Each vertex is denoted¢oncepts. Ak-fan A(s — T') of a bipartite graph
as ann-bit binary string. Two vertices of hyper-G = (V,UV,,, ) is a set ofk paths froms € V}, and
cube are adjacent if and only if their binary string@” = {¢;t; € V,,, andt; € V;, for 2 < j <k}, such
representations differ exactly in one bit position. Ahat every two paths of them share only the vertex
path is a sequence of adjacent vertices, denotedsad et VV(A(s — T')) be the set of vertices incident
(v1,v9, -+, v,), Where all the vertices except and with some paths ifd(s — 7T'). A k*-fan (s, T) of G
v, are distinct. Acycle, written as(vy, vs, ..., v,), is isak-fan withV(A(s — T')) = V(G). A graphG is
a path forv; = v,. A Hamiltonian cycle(path) is a k*-fanable, if Vs € V; andVT = {t1,ts, -, tx|t1 €
cycle(path) that visits every vertex exactly once. X; andt,, ts,---,t, € V;} for {i, j} = {b,w}, there
graphG is Hamiltonian if G contains a Hamiltonian exists ak*-fan. A graphG is f, edges k*-fanable if
cycle. A bipartite graplz = (V,UV,,, E) is Hamil- G — F, is k*-fanableVF, C E(G) with |F.| = f..
tonian laceable if there exists a Hamiltonian pathChen et al. proved thaD),, is f. edgesk*-fanable



forn>30<f.<n—-21<k+ f.<n.LetF, theorem is true forf, = 0. The graph@, can
be the set off, pairs of adjacently faulty vertices.be verified to bel-adjacency3*-fanable by brute
In this paper, we will prove tha®),, — F,, is (n-f,)*- force. Thus, this theorem is true far< 4. Without
fanable. loss of generality, we can assume that V°. In
In this paper, we furthermore investigate ththe follows, we will assume thgf, > 1 andn > 5.
fanability with two source vertices, named bifanCase 1 t; € V°.
ability. A k-bifan B(s; — Ti,s, — Ty) of a Case 1.1 |T*| =0 and f! = 0.
bipartite graphG = (V, UV,,E) is a set ofk Case 1.1.1 f? <n —4,
paths constructed byTi|-fan A(s; — 7Ti) and Since@®_, is f,-adjacency(k — 1)*-fanable, there
|Ty|-fan A(sy — Ty) for |Ty| + |Ta] = k. Let exists a (kK — 1)*fan A(s — {ti, -, tk_1})
V(B(s; — Ti,s5 — Tb)) be the set of verticesof Q° , — F° Thus, ¢, is on some path
incident with some paths i (s; — 71,50 — T3). of A(s —  {t1,---,tx—1}). Without loss
A k*-bifan B(s; — T1,s2 — Ty) of G is ak-fan of generality, we can assumet, is on
with V(B(sy — T1,82 — Ty)) = V(G). A graph P(s,t,—1). Thus, the path P(s,t;—;) can
G is k*-bifanable, if Vs; € V,,s5 € V, andVT} = pe \written as (s P(str) teoa Plate 1) thi).

(.t

{th.11,--- tilty € V,, and 4], 15, --- .1y € Vi} and applying Lemma [1, we can construct a

Ty = {ty,13,-- -, 3|ty € Vo and 3,83, -+ .15 € Vy}  Hamiltonian pathP(¢(s), ¢(a)) of QL ,. Hence,

for {z,y} = {b,w} andi + j = k, there exists a P(¢( ),6(a))

k*-bifan. In this paper, we will prove thap, — F, (5 — {tls ote-r}) U (s, 9(s)

is (n-1-f,)*-bifanable of hypercube. pla),a — " tg_1), P(s,tx)} — {P(s,tx—1)} IS a
k*-fan of ,, — I}, as illustrated in Figurg]1 (a).

Il. THE ADJACENT VERTICES FAULFTOLERANCE Case 1.1.2 f = n — 3.

OF FANABILITY Applying Lemmd_1, we can construct a Hamiltonian
In this section, we will prove the adjacent vertice®cle in @), — F,. Without loss of generality,
fault-tolerance of fanability of hypercube. we can assume that this cycle is denoted as

We first need to define some notations. L&t (t1, a1 = %) 1y ap "2 1y ay PO 5 PO 4y

be the set off, pairs of adjacently faulty vertices.Applying Lemmd_B, we can construct two spanning
Let V' be the vertex set of)!,_,, for i = 0,1. Let disjoint pathsP(¢(s), ¢(az)) and P(¢p(as), p(ay)).

F! = F,n V" and f! be the number of pairs ofThus, the three disjoint paths(s P(s,a3)
adjacently vertices of” for ; = 0, 1. P(é(a3) $(ar)) Play i)
. as, ¢(az) ¢lar),ar  —>" ta), P(s, 1)
The following lemma is introduced i [1]. P(az,t3)

and (s, o(s) "L 5a) a0 T 1) form
the 3*-fan A(s — {ti,ts,t3}) of Q, — F,, as
illustrated in Figuré1l (b).

Lemma 1. The graphQ,, is f-adjacency«f —2—
f) edges Hamiltonian fob < f < (n — 2), f-
adjacency{—2— f) edges Hamiltonian laceable for
0 < f <(n-3), and f-adjacency® — 3 — f) edges
hyper-Hamiltonian laceable far < f < (n — 3).

The following lemma is proposed in![3].
Lemma 2. The@, is f. edgesk*-fanable forn >
3.0<f.<n—2andl1 <k <n-—f.

The following lemma is proved i [5].
Lemma 3: The graph®,, is f-adjacencyn—3—

f) edges property 2H, fob < f <n —3,n > 3.
Theorem 1. The graph@, is f,-adjacency(n —
fa)*-fanable, for0 < f, <n —3, n > 3. Fig. 1. lllustration ofCase 1.1

Proof: We will prove this theorem by induction
on n. Applying Lemmal2, we can obtain that thisCase 1.2 |[T'|=0and1 < f! <n —4.



Since f! > 1, Q° , — F? is k*-fanable. There P(¢(a),t3) of QL . Thus, P(s,t;), P(ty,s) and
exists a k*fan A%s — T) of QY , — F?. 5, () P(9(s),9(0)) (b) p P00 é(a) P(¢(a) ts) £s)
Without loss of generality, we can assume thgl. ' 5 3+fan A(s H’ T) of Q’ — F,. Suppose
the path P(s,tx) = (s Ple) a,b G ty) that ¢(b) = t;. Applying Lemmall, we can
for ¢(a),6(b) ¢ F;. Since f! < n — 4, obtain a Hamiltonian pathP(¢(s), ¢(a)) of

L —Flis Hamiltonian laceable. There existg)l . — {t3}. Thus, P(s,t),P(ts,s) and
a Hamiltonian pathP(4(a), p(b)) of QL |, — Fl. (5, 6(5) P(9(s).¢(a) ¢(a)7a P(ab) b,t;) form a

Thus, A%s — T) — {P(s,t)} U {<s 29 3 fan'A(s — T) of Q,, — F,.
P(¢(a),¢(b)) P(b k) "

a, p(a) ¢(b),b —"t)} is ak*fan of Case 1.5 f0=n— 3 and|T!| = 2.

Qn — Fy, as illustrated in Figurgl2 (a). Applying Lemmadl, we can construct a Hamiltonian

cycle (s Ploty) t1,a P sy of Q°_, — FY.

Applying Lemmal8, we can obtain two spanning
disjoint paths P(¢(s),ts) and P(¢(a),t3) of

L Thus, P(s,t1), (s,6(s) 2% 1) and
(s Plog) a, d(a) Pgla)ts) t;) form a 3*-fan

A(s = T) of Q,, — F,.

Case 1.6 f2<n—4and|T! = 1.
Without loss of generality, we can assume that
t, € V1. By induction hypothesis@® , is fo-

Fig. 2. lllustration ofCase 1.2 and Case 1.3 adjacency(n 1= fo)-bifanable fOI’fO < n—4.
There exists gk — 1)*-fan A(s — {t1,---,tx_1})
Case 1.3 |T'|=0andf! =n —3. of Q¥ _, — FY. Applying Lemma[l, we can obtain
Applying Lemmdl, we can construct a Hamiltoniam Hamiltonian pathP(¢(s),t;) of QL ,. Thus,
cycle ¢ of Q. , — F;. We can choose a,. _, {t1,- - tea}) U {(s,6(s) P(9(s);tx tk)} is
neighbor of s, denoteda such that the cycle ; j.«_fq A(’s . T)_of 0, — ’
P(¢( ),0(a)) " @

¢ = (9(a), o(b) ola)) Tor b & {to sk cage 1.7 19 < — 4 and|T") > 2.

By induction hypothesis, there exists &-fan . ,
A(s — {tutsb}) of OO, — {ts,a}. Thus, Without loss of generality, we can assume that

pepy ittt € Vo Let (f(a),t;) be edges
A(s - {bt1>t2>b}) — {P(5,0)} U {{s — of Q. , such thata; ¢ (F° U {ts,---,t;})
bo) T 4a) ats)} is a 3fan of for j+1 < i < k-2 Let ¢(b1) be a
Q. — F,, as illustrated in Figurgl2 (b). white node of Q;_, for b, ¢ F;. Applying
Case 1.4 f0 = n — 3 and|T"| = 1. Lemma [B, we can construct two spanning

Without loss of generality, we can assume thd{(SJOInt paths P(¢(s),x) and P(¢(bx-),tx-1)

1 {tm, d(a,,)| for 2 < m < k — 2}. By
t; € V'. Applying Lemmall, we can obtain aﬁnductlon hypothesis, there exists (& — 1)*-fan

Hamiltonian cycle C' of Q° , — F°. Suppose N N
that (t,,t,) is an edge ofC. Thus there exist éc(‘s . _{tl’;ﬁ’ 'If?]’uasﬁb theak_?‘eﬁ%_v\lli}rsg
two spanning disjoint path$’(s,t;) and P(s,ts) -l o ’

P(p(s),tx) P(sbe_1)
of Q°_, — FO. There also exists a HamiltoniarPaths (s, ¢(s) —" tr), (s —
path P(¢(s), t;) of QL ,. These three paths formp, ;. ¢(bk ) Pty st and
the 3*-fan A(s — T) of Q, — F,. Suppose that , P(s.a:) form a k*-fan A TV of
(t1,t2) is not an edge of”. We can denot&’ as g o fc;’rgbl(cz)mlj andj+1<i (<S ]:_ 2?

P(s,t1) P( a,b P(t2,s
(s — tua .15 s). Suppose that . g IT'=1andf! <n—4.

6(b) # t5. Applying LemmalB, we can construc
two spanning disjoint pathsP(é(s), 6(b)) and RNIthOUt loss of generality, we can assume that



t. € V. By induction hypothesis, there exists @&pplying Lemmdl, we can construct a Hamiltonian
k*-fan A(S - {tlv st ak}) of Qg—l - Fc? for cycle <S P(S—>¢2) to, Gs P(a—27t>3) t3, as PE) 8)

ar, p(ar) ¢ Fa. Applying Lemmd.l, we canobtaingyf 0 — FO. Applying Lemma [B, we
Hamiltonian pathP(¢(ax), tx) of @,_y — F;. ThUS, can construct two spanning disjoint paths

Als = {tr, -ty an)) — {P(s,a) Y U {(s "% P(g(s), p(az)) and P(¢(as),t;). Thus, these

ap, ¢(a ) Pd’ﬂt‘“) ty)} is ak*-fan A(s — T) of three paths (s Ploag) as, (as) Plolas)t)
Qn = Fu. b, Pls,to). (s.0(s) TS g(ay),
Case 1.9 T >2andf! +|T'| <n-2. g ) t3) form a 3*fan A(s — T) of

Without loss of generality, we can assume thaj, — F,.
tivr, o1 € V7. Let (¢(ai), 1;) be edges ofd, 1 o0 5 5 fO=n—3and|T!| = 2.

such thata; ¢ (I Uty -« ;1) forj+1<i < k. Without loss of generality, we can assume that

By induction hypothesis, there exsgs /af-faon t, € V1. Applying Lemmall, we can construct
14(8H {t17t27'”7tj7aj+17”'7ak}) of Qn—l_Fa' . . P(s,t3) P(a,s)
i ind Hamiltonian cycle(s —" t3,a — s) of

Applying Lemmd_ B, we can construct two spanni . ! Yy 35 ¢
disjoint pathsP(¢(ay), ) and P(¢(ap_1,te_1) of @n-1 — Fa for ¢(a) # t>. Applying Lemmal3,

L — Lt dlam)| for j+1<m < k—2}. Thus, We can construct two spanning disjoint paths

cooomen o P P Thus, these th
the following pathsP (. ). s " 0, 0(0,). 1) O e s e

paths (s % a, ¢(a) t), (s, ¢(s) —3

P(sa ¢(llr)tr
and (s a, o(a,) t,) form ak*fan o v 5o, g “fan A ™ of O _ F
A(s = T)of Q, — F,for L <m<jr=Fk—1k 2), P(s:1s) om a:5an (s—T) of Qu ~ Fu.
andj+1<i<k—2. Case 2.3 0 =n—3 and|T"| = 3.

1
Case 1.10|T'|=1and f! =n — 3. Let (¢(az),t;) be an edge of @, , for

F, U . Applying Lemma [1,
Without loss of generality, we can assume thg\fe %:an( const;{lfgt) app?—/lar%]iltonian (:Ejllcle

t3 € V. Applying Lemmall, we can obtain, =~ p.g,) Play,s)
a Hamiltonian ¢ cle(ts, ¢las) | 2 1) of (s a5 s) of Q, — Fy for
YEIe s, OMs > #(ar) # t3. Applying LemmalB, we can construct

— F! for a3 # t,. By induction hypothesis
there exists &*-fan A(s — {t1,t2,a3}) of Q°_
Thus, the foIIowmg pathsP(s,t1), P(s, t2), and P(¢(a1),t1). Thus, these three path&

P(¢(a1),t1) P(s,a2)
(s "% ay6(a ) PO 1) form a 3*-fan a17¢(a1)P(¢( o~ t), (s == a2, ¢(az),ts), and
A(s = T) of Q, — F,. (s, 0(s) ts) form a 3*-fan A(s — T') of
Case 1.11 |7 > 2 and f! + [T =n — 1. Qn = Fa.
Let (¢(a;),t;) be edges ofQl | for 4 < i < k. Case 2.4 f'<n—4and|T!| = 1.
Applying Lemmall, we can obtain a Hamiltoniahet « be a white node inQ° ,. By induction

'two spanning disjoint pathsP(¢(s),t3) and

sal)

cycle (ts, ¢(as) P(olaz) t2) ta, d(a3) P(g(as) ts) t;) hypothesis, there exists Oa(k; - 1)*-fan
of QL , — F! — {t;,¢(a;)| for 4 < i < k. A(s — {a,ta, -+, tp1}) of @y — F7. Without

By |nduct|on hypothesis, there exists f-fan 0SS of generality, we can assume thatis on
Als — {ti,as, a3, -, a;}) of Q°_,. Thus, the the pathP(s,t;_1). We can denoteP(s,t;_1) as

5,0 P(s,ty) P(bitr—1) .
following paths P(s,t1), (s % a, é(a),t;), 8 —" ti,b =" tr_1). Applying Lemma
P(say) P(d)(aj),t) 3, we can obtain two spanning disjoint paths

and(s "= a;,0(a;) ) form ak™fan pg(s), 4(b)) and P(6(a),t:) of QL. Thus,
A(S — T) of Qn — for =2, 3 and4 <5< k. . P(s,a) P(¢(a)tr)

the followmg paths (s — a,¢(a) —5
Case 2t; e Vi and f! = 0. (6(s),6(b)) .y Fen)
Without loss of generality, we can assume thhy)» £(s: 1), (s, (s) — (0), —

t % o(s). ti-1), and P(s,ty) form a k*-fan A(s — T) of
Case 2.1 fo=n—3 and|T!| = 1. Qn—Fofor2<i<k-2



Case 25 f0<n—4and2 < |T'| <n-2. Case 3.2 fl +|T' <n—1andf! <n-—4.
Without loss of generality, we can assume thaVithout loss of generality, we can assume that
to,t3,--+,t; € V9 Let (¢(a;),t;) be edges ty,t3,---,t; € V. Let b be a white node of
of Q;_, such thata; ¢ (F° U {tj41,---,t}) Q°_, such that|N(b) N (F, U {tjr1, -, tx})] < 1
for 1 < 4 < j — 1. By induction where N(b) is the vertex set of the neighbor
hypothesis, there exists a(k — 1)*fan of b. By induction hypothesis, there exists a
A(S — {CLl,CLQ,‘",CLj_l,tj_,_l,"',tk}) of j*'fan A(¢(b) — {tl,tg,"',tj}) of Qi_l — Fal

0_, — F?. Applying Lemma[B, we can constructWe can denote(¢(b) —  {t1,t2,---,¢;}) @s

n—1

two spanning disjoint pathsP(¢(a;—1),t;—1) (6(b), b(as) P(¢(ai)t:) ) for 1 < i < j.

and P(é(s),t;) of Q... — {ti,é(ai)l for \without loss of generality, we can assume
1 S ? P(S ) j - 2}' Thus’ Pt(he f)OHOWIng that a27'.'7a'j ¢ (Fa U {tj‘f‘l?.'.)tk:})' By

paths (s —" a;,¢(a;),t;),(s —= " a;—1, induction hypothesis, there exists &*-fan

a;—1),ti— s),t; .t 0 —_ FO©
Olag1) " 1), (5, (s) TN gy Als = Abias 4, ) OF Gy

and P(s, t,,) form ak*-fan A(s — T) of Q, — F, Thus, the following pathgs Bled) b, p(b) Pl

forl<i<j—2andj+1<m<k. £, (s P(sa;) a;, 6(a:) P(¢(ai) t:) t;) and P(s, t,)
Case 2.6 f0=1and|T!| =n—1. form ak*-fan A(s — T) of Q,, — F, for 2 <i < j

Let 2 be a black node of’! such that the distanceandj +1 < m < k.
of 2z and the black faulty node is more than 2. Byrgge 3.3 fl=n—3and|T" = 1.

induction hypothesis, there exists (@ — 1)*-fan  apnlying Lemmall, we can obtain a Hamiltonian
A(x — T) of QL _,. Without loss of generality, le (1 P((a),t1) ; ¢ ol F1
we can assume thaf(s) is on the pathP(z,t;). &Y€ of bt?b(a) h ? , 1t>h 0 Q@—tl ?ﬁ* o
Without loss of generality, we can assume th y Induction hypo ES(:)IS, €re exists at-ian
Pla.6lan_1)) P(6(s),t1) (s — {a,ts,t3} of Q) ;. Thus, the following
Pz, t1) =(x " — 7 dlan-1),0(s) = " t1) P(s,a) P(9(a) t1)
th P P

for a,, ¢ F° . We can denoteP(z,t;) as Paths(s == a,¢(a) =" 1), P(s,t2), P(s,13)

P(6(as)t) _ form a3*-fan A(s — T) of Q,, — F,.
(r,¢p(a;) —"7 t;) for 2 < @ < n — 2. ) A
By induction hypothesis, there exists &ase 3.4 f;=n—3and|T|=2.
(n — 2)*fan A(s —  {as.as - an1}) Without loss of generality, we can assume

of Q° , — FY% Thus, the following pathsthat &> € V'. Applying LemmaDL,P(\;\ze)tC?n
(s, 6(s) TEL 1y (g P (q,) T@@)t) 1y obtain @ Hamiltonian cycle(t, ¢(az) ==

P(¢(a1),t1)
and (s Ploans1) A1, O(an_1) PUolan_)2)  P@in1) -y, <b(a1) — t;) of erz—l — F, for _éb(az) # 3.
t,_1) form a k*-fan A(s — T) of Q, — F, for By induction hypothesis, there exists & -fan
no noTe A(s — {ay,as,t3} of Q°_,. Thus, the followin
1<i<5—2. 1, @2,13 n—1- ) g

paths (s "% a,, ¢(a;) "N 1), P(s, 1) form

Case 3t, € V! and f! > 1.
LS = a3*fan A(s - T) of Q, — F, fori =1,2. O

Case 3.1 f} +|T" = n.
Let (¢(a;),t;) be edges of)! | for 4 <i < k. Ap-

plying Lemmd_ 1, we can obtain a Hamiltonian cycle [1l. THE ADJACENT VERTICES
(t, dlas) TOE t bag) T, (an) FAULT-TOLERANCE OF BIFANABILITY

PO 4y of QL — E' — {é(a),t;| for  The following lemma is proved iri [5].

4 < i < k}. By induction hypothesis, there exists Lemma 4: Let @, = {V, U V,, E}. Fora €

a k*fan A(s — {ai,as,---,a,}) of Q°_,. Thus, Vs,b € Vi, thedgrathn " {a, b} IIS fa-gmldja;cency
S,a; Qag i - - <

the following paths (s P(s,a;) 0, 6(a;) P(¢(ai) ti) 7(171_ 4f(;l >3j: edges Hamiltonian laceable fgy, <

P(s,am) * ! = =

ti>> <S - am>¢(am)atm> form a k*-fan Lemma 5. Let s1,t1 € Ve and So,t0 € V) be two

A(s — T) of Q, — F, for 1 < i < 3 and pairs of fault-free vertices an#, be the set withf,

4<m<k. pairs of adjacently faulty vertices @},,. There exist



two spanning disjoint path®(s;,t;) and P(sy,t,) Lemmal3B, we can construct two spanning disjoint
of Q, — F, for f, <n —4,n> 4. pathsP(¢(xy),t2) and P(sy, ¢(x3)) of Q1 | — FL.
sit) and sy " (), vy T2

Proof. By symmetry of hypercube, we can arrang-ghus’P ( P(6(r1).42)
—""" ty) are two spanning disjoint

every adjacently faulty nodes either i9°_, or 1, ¢(x1)
1 . LetT = {s1,t1, 5,12} and T’ be the subset paths ofQ,, — F,. '

of vertices of7T in Q! _, for i = 0, 1. Without loss Supposes, € V° andt, € V'. Applying L}e)zmma

of generality, we can assume that’| > |T"|. We [I, we can construct a Hamiltonian path, -’

will prove this lemma in the following cases. w, b P(b,s52) so) of Q0 — FO for w € Vi,b € Vj

Case 1 [T =4 and f! = 0. and ¢(b),p(w) ¢ (F! U T"). Applying Lemma

Applying Lemma[B, we can construct two sparfd, we can construct two spanning disjoint paths

ning disjoint paths(s, =S b, T gy P(6(D). t2) and P(é(w), 1) of @,y — F. Thus,

s w P(s1,w) P(¢p(w),t1) P(s2,b)
and <82 P(i?) bg,wg P(ifl) t1> of Q?L—l — <81 7(>¢(b)zf3¢(w> - t1> and <82 =
F?. Applying LemmalB, we can further con#,¢(b) == t,) are two spanning disjoint paths
struct two spanning disjoint pathB(¢(b), ¢(ws2)) of Q, — F,. O

P(s1,b1)
and P(¢(by), p(wy)) of QL. Thus, (s — In the following, we will prove the adjacent ver-
by, (by) P(9(b1) $(w2)) ¢£w2)’w2 Plwst) #,) and tices fault-tolerance for bifanability of hypercube.
P(s2,b P ,o(w1 P(wi,t . _ i _ —_1)-
(52 (eale) b2, ¢(b2) oadgt) ¢(wr), w — b-fThe(i)rIem 2- Lh?]gragfﬂn Zf? v (n> 3|Fa‘ !
t,) are two spanning disjoint paths &f, — F,. lfanable grap if 7| sn—olorn=o.

0 . Proof: We will prove this theorem by induction on
Case 2 [T°| =4 and f; > 1-0 . n. SinceQ, has property 2H, this theorem is true
Let (z1,t,) be an edge qu_l for ¢(z1) ¢ Fu- for n = 3. We can verify this theorem fot = 4 by
Let E(t;) = {(v,t2)[6(v) € F, }. Applying Lemma e force. Applying LemmBl 3, we can obtain that

s2,t2

[, we can construct a Hamiltonian path, P22 this theorem holds iff,] = n — 3. In the follows,
ty P(a2,s1) s1) of @, — FO — {z,t;} — We will assume thatf,| < n —4 andn > 5. By
B(t). Thus, (s, P(s1,22) 29, &) P(¢(x2)¢(21)) Syr_nmetry of hypercube, we can assume that every
' ’ ’ . ... pair of adjacently faulty vertices is either @ , or
¢(x1), x1,t1) and P(s,, o) are two spanning d|510|ntQ}L_1. Let s,, s, be the source vertices fof € V,
paths ofQ,, — I andsy, € V,,. Let T} = {t},t%,---,t’lﬁ} and T, =
Case 3 |T°| = 3. {t},12,--- 1%} be the sets of end vertices of and
Without loss of generality, we can assume that, respectively. And let the vertices$, t € V,, and
ty € VI Let E(t;) = {(v,t1)|o(v) € F}r}. thti eV, for2<i<k,2<j <k LetT] be
Applying Lemmd_1, we can construct a Hamiltoniathe set of end vertices of, in Q" for r = 0,1 and
path (s, "U ¢ o PO oy of @0, — R0 - k=1,2.LetT" = T{UT} for r = 0, 1. Without loss

E(t,). Applying Lemma[l, we can also construct & generality, we can assume that > k». Thus,

Hamiltonian pathP(¢(z), ;) of QL_, — FL. Thus, ;:;1”2 2. We will prove the induction step with the
P(s2,7) P(¢(),t2) ollowing cases.

P“i{rﬁ? agqgs?ntjthg,%x)_ A 2] A WO Case 175, 5, € V0 or sy, 5 € V.

spanning disjoint p n @ Without loss of generality, we can assume that

Case 4 |T°| = 2. $1,82 € VY,

Without loss of generality, we can assume that Case 1.1 |T!| =0 and|F}}| = 0.

V0 andt, € V. Suppose; € V? ands, € V. Let Let T = T, — {t}*}. By induction hypothesis, we

z; be a black node af)?_, for 1, ¢(x1) ¢ (F,UT). can constructi(-2-f,)*-bifan B(s, — TV, sy — Tj)

Let E(t1) = {(v,t1)|p(v) € F!}. Applying Lemma of Q°_, — F°. Suppose the verteX' is on the path

[, we can construct a Hamiltonian path, ~1%”  P(s1, i) for somel <i <k — 1. We can denote

To,T . . P(s ,kl xZ, i .
ty, To Pl 1y of Q°_, — FY — E(t1). Applying the pathP(sy,t!) as (s; (s147) th PR iy
n—1 a 1 1 1



Applying Lemmdl, we can construct a Hamiltoniaof Q! _, — F}. By induction hypothesis, we can con-
path P(¢(s1), ¢(x)) of QL_,. We can construct thestructB(s; — {x1,3,---,t"}, sy — T5) of Q°_, —
B(sy — Ti,s9 — T5) from B(s; — T7,so — 1) FY. Thus, we can construdb(s; — T}, sy — 1)

i s1),0(T k
by replacing P(s;, #) with (sy,¢(s1) o f of @ — Fy from B(s; — {xy,#,- #},55 —

P(ztl) T,) with replacing the pathP(s;,z;) by the path
o), e " 4y and P(sy, £5) of Q, — Fy. 2) with | P(s(on ) 1( 1)
Suppose the verte#! is on the pathP(s,,t}) for (s1 = "z, o) — 7 h).

somel < i < ky. We can denote the patf(s,, i) Case 1.3.2 [T > 2 and|T| + |F} <n — 2.
S2,% P(xo,t} . . i i
as (s, P(s2,21) o1, (@2,5) #). Applying Without loss of generality, we can assume that

1 42 i 1 42 ) 1 :

Lemmal, we can construct two Hamiltonian patHs 1 - "’jill’tj‘zl’ I i Vj2 and i, > 2.
P(o(s1), 6(14)) and P(o(r), 6(x2)) of @, We &t (01 ).11) and (o(xy) 1) be edges of
can construct theB(s; — Ti,s0 — T3) from Q-1 such thatay’, zy’, (xll)’¢(.x22) ¢, (Fa U
B(s) — TI,s, — T) by replacingP(s,, t3) with 11 Y 12 U {s1,82)) for 1 < ji < 4,1 <

P((s1) (1) o Plaa) J2 S 2 Applying Lemmal[8, we can con-
(s1,0(s1) - o(t1'),t1") and (s —>" struct two spanning disjoint path3(¢(x1),t1) and
1, () TN oy e, TR iy of @, - P(6(2),17). By induction hypothesis, we can con-

Fa' struct B(Sl H {ZU%,"'k,l’il,til—i_l,"',tlfl}“gz -
{J}%’u., $Z22,t222+17"',t22}) of Qg_l . FC?- ThUS,

P(s1,xT" P(o(x™) ™ Ps,le

(51 " (e O g (s,

. . . J2 . .
o 0(af'), 1), Ploa, 1), (s ")t o),
t32), P(s2,t5?) form the (-1-f,)*-bifan of Q,, — F,
for1<m<23<5 <0, +1<r <k,1<

J2 Sidg, i+ 1 <y < K.

Case 1.3.3|T" > 2 and|T!| + |F!|=n — 1.

Let (¢(21'), 1) and (¢(27’), 5°) be edges ofy, _,
Caset 1 such thatz]', 222, ¢ (21", ¢(x2?) ¢ (F, UTy, U Ty U
{s1,802}) for 1 < j; < ky,1 < jo < ky. Applying
Lemmal3, we can construct two spanning disjoint

Fig. 3. lllustration ofCase 2.1 P(12,¢(22 P((zd),
paths (1t " (at). o(al) "R 1) and

3y, 43 gl J1) 491 J2\ 1d2
Case 1.2 |T'| =0 and |F}| > 1. 1{:)(r¢(3151)72) Of,Qn—1< F]c; {aq:féj 1)>t1 ><¢(x2 )>t2<|
By induction hypothesis, we can construct th = = 1 S J2 =

B(s; — Ty,s9 — Ty) of QY | — F?. Without loss 1 i 19 k
> n a B R 1 . 2

of generality, we can assume that the pE&,, t}) (s1 = a1, ’ngslli{n? -~ {xz’x)z’P((z,(;fn?vt%))
—

P(s1,x P(xo,t! of QY .. ThUS, S — m, m
can be denoted ass, (s1,21) 21, T (z2,t1) t%) Qn_1 P x<311)1 7, (] Planat?
—

for ¢(z1), ¢(z2) ¢ F,. Applying Lemmall, we '), (s; o' o(a]). 8'), (2 =
can construct a Hamiltonian patA(¢(z1), ¢(x2)) 32, ¢(x}),t)’) form the (-1-f,)*-bifan of Q,, — F,
of Q1 , — F!. Thus, we can construcB(s; — for 1 <m <3,4 <j; <k, 1< g, < k.

Ty, s, — T3) by replacingP(sy, t) with (s; Perm) - case 1.4 T > 1 and|F}| =0.

1, d(21) P(9(@1)¢(z2)) é(12), T Paa.ti) ) Case 1.4.1tl e V' orth e V.

Cl’ 113 71> 1 and ;1’ il 1 Without loss of generality, we can assume that

ase 1.3 |T' >1and|F)| > 1. bty lity, we can assume
1 . ppose thatk, > 2. By In

Case 1.3.1|T" =1. tion hvoothesi U
Without loss of generality, we can assume th%ﬂc lon hypothesis, we can COnStruéi(s, —
i, 11, }752 - {t27t2v"'7x2 }) of Qn—l -

t1 € QL_,. Letz; € Q°_, be a white vertex such s )
that 2y, ¢(z,) ¢ (F, UT, UTs). Applying Lemma F°. We can denote”(s,t2) as (s, 21 — t2).
[, we can construct a Hamiltonian pati¢(z;),t1) Applying Lemmal®b, we can construct two span-

%}. By induction hypothesis, we can construct



ning disjoint pathsP(¢(sy),t1), P(¢(s2),0(x1)) o(zy) = ti and2q5(:):2) = ti. We denoteP(sy,t?)
of Q! ,. Thus, we can constructB(s; — as (s1, 1 Py ty) £2). Applying Lemmal®, we
T12’ %2 ,ﬂT2) of Q? N Fa fkr2om B(s1 = can construct a Hamiltonian path(¢(s1), ¢(y1))
(ot 0 b s2 = {ta, ty, - wp’ ) with replac- ¢ 1 1 421 Thys, we can construct the

ing P(s1,t3) by the paths(s;, ¢(s) Plgtea)t) t1)y B(sy — Ti,s0 — Tp) of Q, — F, from B(s; —

and (sz, 6(s5) 28 gy, @y el t3)- {wi, 8, 17}, 59— {bi, 13, -, 15°}) by remov-
Suppose that:, — 1. Applying Theorem(1L, we N9 the pathsP(sl,wlle P()‘92>bl)> P(Sl’tg( angj
can construct a fani(s; — {t2,---, ", s,,t1}) of adding the pathg(s; ~—5" z,tl), (so = —>
0 _ P(¢(s1),9(y1)) P(yu,t7)
»_1 — F,. We can denote the path¥(s,, s;) and 20, 13, (1, B(s1) 1),¢(m1 o(y1), 11 YLl £2).

— —
P(827x1) P(“"Q?t%)

P(sy,ty) as(sy —> x1,s1) and (s;, 22 —" Case 1.43t!,tl € Q._, and|F,| = 0.

t3), respectively. Applying Lemm@l 5, we can conSuppose that: = 5 and k; = ky, = 2. Ap-
struct two spanning disjoint path$(¢(s1),t{) plying Lemmalb, we can construct two spanning
and P(¢(x1), ¢(x2)) of Q) _,. Thus, we can con- disjoint pathsP(s;,t?), P(s,,t3) of Q°_, and two
struct the B(s;, — Ti,s2 — Ty) of Q, — F, spanning disjoint path®(¢(s;),t}), P(¢(ss),ts) of

from A(s; — {t2,---,t" s5,t1}) by removing : P(¢(s1),t1)
the pathsP(s;,sy) and P(s;,ti) and adding the “n~ Thus, the following pitgﬁj)l;f?(sﬂ —>
s1).t1 spz1) 11 2 2 1 2

form the 4*-bifan of @,. Suppose thatn = 5

P(¢(z1),9(z2)) P(x2,t3) .
w, o) TS G(ag), w5 ). and k;, = 3,ks = 1. Applying Lemmal[l,
28
Case 1.4.21),t; € Q,_, and|Fy| > 1. we can construct a Hamiltonian path? ' 1"
Let b; and w; be a pair of adjacently faulty P(s1,t3)

3 o _ :
vertices of ;_,. By induction hypothesis, Weilemma Wtel>cacr)1f cgggtlruct Evflzo}.sg%?lli)r/lmgdis-
can constructB(s; — {wy,t3,---, 1}, s, ’ P 9

{bl,tg,---,tlf}) of Q° , — (FO — {bi,w1}). We joint paths P(¢(s1),t1), P(0(s2),t5) of @, ;.

can denote the path®(s;,w;) and P(ss,b;) as Thus, the following paths(s, ¢(s1) retan)

S1,T S$2,T P(¢(s2),td
(1 "2y, wn) and (sy "y, o), respece 1), Psi, ), Psi, ) and (sp,6(s2) |~ 1)

tively. Suppose thafd(x), ¢(z2)} N {t},t2} = 0. form the 4*-bifan of Q,,.

Applying Lemmalb, we can construct two sparSuppose that > 6. Let (¢(x1),¢) be an edge of
ning disjoint pathsP(¢(x),t1) and P(¢(x2),t5) QL | for zt ¢ (T,U{sy}). By induction hypothesis,
of @._,. Thus, we can construct th&(s; — we can construcB(s; — {zl, 3, --- "} s, —
Ti,ss — T) of Q, — F, from B(s; — {3, --,t%}) of Q" ,. We can denote the
{w, 13, t7}, 55 — {by,13,---,t52}) by remov- P(e2,3)

2 2 .
ing the pathsP(s;,w;) and P(sy,b;) and adding Eath P(sq,t7) as (sq,xo — " t}). App|.y|ngd.
Plsran) Plot) emma[5, we can construct two spanning dis-
—

the paths(s; —" 1, ¢(z1) 1) and joint paths P(¢(s1),¢(x2)) and P(¢(s2),t3) of

(52 725 0y () P(§(z2)13) 1), 1 — {t!,é(z1)}. Thus, we can construct the

Suppose thal{¢(z1), ¢(w)} N {t],3}] = 1. With- B(lsl T Tus = 1) of @ — Fakgfrorg B(s; —
out loss of generality, we can assume that,) = {7117, 11"}, 82 - {ti,65,- - ,tQQ}) y remov-
t1. Applying Lemma.l, we can construct a Hamiltol"d the pathsf(sl,:cl) and P(sy,t7) ]ajmd adding
nian pathP(é(z1), t1) of QL_, —{¢1}. Thus, we can the paths(s, ' 5V 2, t1), (s1, d(sy) | 00222
construct theB(s; — T, s — T3) of @, — F,, from Pa2,t]) o P(o(s2),t3) 4

’ noa t7) and t5).
B(Sl - {wlat%v'”7tlfl}782 - {blutgu"'7t§2}> ¢(x2)’x2 - 1> <82’¢(82) - 2>

by removing the path®(s;, w;) and P(s, b;) and |CT3{5|‘e< 1-4-% (Ty U Ty, — {t;,t3}) N T"| > 1 and
P(s1,x1) =N —o.

. P(¢($1),t%) 1
adding Itjze p?th$51 — x,0(m)  — " t) Without loss of generality, we can assume that
and (s, —5" . t1). th gt e vV for 5 > 2. Let

Suppose that{¢(z1), p(z2)} = {t1,t3}. That is, (p(z}), ) and (¢(2%),t2) be edges ofQ! |,



such that ¢(a'), o', ¢(23), 25 ¢ (F, U Ty U
T5 U {81,82}) for 1 < 11 < J1 — 1,1 <

is < j,. By induction hypothesis, we can conand (s

struct B(s; — {al, -, a7t iy s, —
o ot k
{{E%,---,:L'j;, t%Q v"'vt22}) of Q(r]z—l - th' Ap-

P(o(s ,3 Ps,:(:i2 i i i
(51, (s1) " gy (s P 0 g(aiz), ),

Ps,:cl3 . . .

L2 i g2, 1) form the (-

1)*-bifan B(s; — 11,80 — 1Ty) of @, for
1< <2,4 <4y <ky,1<ig<ks.

plying Lemmall, we can construct a Hamiltoniafhe proof for|T"| = 2 is similar as|T"| > 3.

path P(¢(s1), 1) of QL —{t}", d(x}), 1%, ¢())|
for1 < i < ji—1andl < iy < jp}. Thus,

. P(sy,2)! i i1\ i
the following paths (s, e i, o(x), i),

—
(s1.0(s1) ") 4y p(sy, i) and (s, T2
xgl, (l'gl), t72"1>’ P($27 t:2) form the 61-1-fa)*-bifan
B(81 — T, 89 HTQ) of Q,—F, for1 <i; <j;—

L +1<i <k, 1<r; <jg,jo+1<1ry < k.

Case 1.4.5|T! =n — 2. -
Suppose that|F,| = 1. Let (¢(z}'),t') and
(p(x42),t:?) be edges of)! | such thatz], z?
(Fa U {81,82}) for 1 < 33 < ]{31 - 1,1

7x’f1_1}782 - {SL’%,,JJ’;Q}) of

B(sy — {xj,---
1~

two spanning disjoint path®(¢(z} "), # ") and
P(¢(s1),17") of Q)_y — {17, ¢lay), 13, d(a3?)| for
1 < 4 < ]{31 —2and 1 S 19 < ]{52} ThUS,

sa'l) o
the following paths(s; Plovar) zit, o(xfh), 1), (s1

P(Slyxlflil) kp—1 ki—1 P(¢(xlf171) tlflfl) kr—1
— T ,o(x — 1),
;(¢(81g)b7§’fl; )k P(lsz,xgz)

(s1,9(s1) — Yy and (s, 0

2, ¢(x2),t2) form the @-2)*-bifan B(s;, —
Ty, s — Ty) of Q, — F, for 1 <i; <k —2,1<
The proof for|F}| = 0 is similar as|F}}| = 1.

<
: : : — orem[1, we can construct &j-fan A
i3 < ko. By induction hypothesis, we can construc(% o ! (51

F?. Applying LemmalB, we can construc

Case 2 5, € V' ands, € V7 for i # j.

Without loss of generality, we can assume that
VY ands, € V. We can also assume thgt!| +
|[Fal > T3] + [F7).

Case 2.1 |T9| + |F?| < TV + |F < n — 4.

Without loss of generality, we can assume that

theoot] € V' and tl,---,tf € VO Let
(p(z), 1) be edges of)! | such that:™t, ¢(z™) ¢
(Fa uTiui; U {81,82}> for 1 <131 < jl- Let
(y'2,t%) be edges of)° , such thaty™, ¢(y™) ¢
(Fa U1, uly U {81,82} U {l’il,qb(l'il” for 1 <
in < gj1}) with 1 < iy < jo. Applying The-
-
le, T lev t{1+17 o '>tlf1}) of Qg—l_Fg_{t?v yi2|
i ri < i, < 32}1 and ka ki-fan A(sy, —
{¢(y1>7 ) (b(yjz)?t%ﬂ_ T t22}) of Q;‘"L—l - Fal -
{t1, o(z")| for 1 <43 < j71}. Thus, the following

paths (s; _P(ﬂl) 2, p(x™), 1), P(s1,t?) and
(5o Y gyin), yis 1), P(sy, tyt) form the

(n-1-f,)*-bifan B(s; — T3, s, — T3) of Q,,— F, for
1< <1, +1<i0 <k, 1 <i3 < a0+ 1<
14 < ko.

Case 2.2 |T}| + |EF}|=n—3.

Case 2.2.1|Ty| = 2.

Suppose thattl, 2 € VO and d(s,,t3) > 3.
Let (y',#),(v%t3) be edges of Q°
for o(y'),e(y?) ¢ (T" U F, U {s3}).

Case 1.4.6 |T"| =n — 1. Let (¢(z),#;) be an edge of Q, , for
Suppose that|Ty| > 3. Let (¢(z),t2) and 2 ¢ {siutyt3,9.,9°L2 < @ < ki
(p(x2),12) be edges of Q._, such that Applying Theorem [Il, we can construct
l’ill,l’? ¢ {51,82} for 4 < 11 < ]{51,1 < iy < ko. a 3*-fan A(82 g {¢(y1)7¢(y2)7t%}) of
Applying Lemma [B, we can construct twd?n—1 — Fu — {ti,¢@))2 < i < Kk}
spanning disjoint paths P(¢(s;),t3) and We 1deno§e 1the three path? ofA (s =
@ TS oy g2y POEDD ey o {00, 00 ),tl})P(pZS(xl)ing(y ), P(s2,6(y%))
Lt o) 2 o(ay)| for 4 < iy < ko and sy e(h), T t1).  Applying
and 1 < iy < ko} with z! 22 ¢ {s1,s,}. By Theorem [1, we can construct akj-
induction hypothesis, we can construct-Z)- fan A(ss — {2'][l < @ < k}) of
bifan B(s; — {al,2?2t-- 2" s, — @ — {tzyh#3,y°t.  Thus, the paths
{l‘%,---,xé@}) of Q%_l. Thus, the foIIowing <817P(8;’x)1) x17¢(x1)7p(¢(il)>’t%) t%>7<817P(8;’9§Z)
paths (s, iU g gy TSI iy i gy iy (s, TS gyd) 4 #) form the



(n -1 - fa)*-bifan B(Sl — T, 8 — TQ) of
Qn—F,,for2<i<k;,j=1,2.

Suppose thatl(s,,t3) = 2 and d(s.,t3) > 2. Let
(y',t}) be an edge of@Q° , for ¢(y') ¢ T'.
Let (¢(z%),t}) be an edge of Q. , for
xt ¢ {sy,th 2 y'}, for 1 < i < k. Applying

Lemma [3, we can construct two spanningf Q° ,

disjoint

of @,

paths P(‘S??'(b(yl)‘)
- Fy = {the@@)2 <

and P(¢(x!),t])
i < ki)

(s ") 50y thy form the (-1-f.)*-bifan

B(Sl — 11,89 — Tg) of Qn — F,.
The proofs of the casedy| = 0 or |T?]| = 0 are
similar to the proof off 77| =1 and || = 1

Case 2.3 |T}| + |E}|=n—2.

Suppose thatT})| 0. Let (y,tl) be an edge
for y,gb(y) ¢ (Fa UTiuiT,u {81,82}).
Let (¢(2"),t!) be edges ofQ! | for ¢(zf), 2° ¢
(Fa UuTiyui, U {Sl,SQ,y,¢(y)}) for3 <i < k1.

Applying Theorem [I, we can also construcApplying Lemmall, we can construct a Hamilto-

a kifan A(s; — {21

91—1 {t27y t27¢( >}

s1,xt P s1,xt

(s "2t (), " ) (s
i i i P(s2,6(y"))

x 7¢('T )7t1>7 <827 2—9 ¢(y1)7y17t%>7 <S27¢(S2)7

t2) form the @-1-f,)*-bifan B(s; — T}, s2 — T3)
of Q, — F, for 2 <i < k.

< z < ]{51}> of
Thus, the paths

nian pathP(t7, 1) of Q,_, — F, — {t,¢(z)[3 <
i < ki} — {(o(y), ¢(t3))}. Without loss of gen-
erality, we can assume that the pattt?, ¢i) can
be denoted as<t2 f0(e) B(x2), 5 Pleadv))

o(y), d(z') P t1). Applying Theorenill, we
can construct &;j-fan A(s; — {2'|1 < z < ky}

Suppose thatd(ss,t3) = 2 and d(sy,t}) = 1. P(s1,a%)
Let (z,13),(y,z) be edges of Q° , for of Qr- ¢(g{ct)2’)} Thusp(ihxe) paths(s, 7
{y.2,0(0)} ¢ (I1 UTp UF, U {s1,5}). ¢ 0 ) t),(s1 = a’,¢(a?),t]) and
Let (¢(a'),t}) be edges of Qi , for (s, "% o g 6(y), y,th) form the @-1-£,)*-bifan
('), ¢ (MUToUF,U{s1, 80,4, 2,0(Y),0(2)}) B(s; — Ti,s9 — Ty) of Q, — F, for 1 < i <
and 1 < ¢ < ki Applying Lemmal[3B, 2,3 < j < k.

we can construct two spanning disjoinThe proof for|7}| = 1 is similar to the proof for
paths  P(s2,¢(y)) and  P(a(x'),t;) of |1|=0. O
Qi — F — {2 < i < k).

Applying Theorem [1, we can construct Y- CONCLUSIONS ANDFUTURE WORKS

a kifan A(s; — {21 < i < ki}) In this paper, we have shown th@f, — F;, is (n-
of QY , {t},13,y,2}. Thus, the paths f,)*-fanable and«{-1-f,)*-bifanable if f, < n —3
(1 P(s1,2h) 2L, o) P(g(a) ) £y (sy P@s12’)  whereF, is the set off, pairs of adjacently faulty
, o ’ . P(s2.6(1)) 1 ) vertices. The vertices fault-tolerance and edges
at, ¢(a'), 1), (s2,83), (s2 == &(y), ¥, 2,13) fault-tolerance for fanability and bifanability are

form the (-1-f,)*-bifan B(s; — 11,892 — T3) 0
Qn - Fa-

The proof of the casdtl, t2} ¢ VO is similar to
the proof oft}, 2 € V°.

Case 2.2.2 |Ty| = 1.

Suppose thatT?| 1 and |77 1. Without
loss of generality, we can assume thate V°.
Let (y,15) € Q) for y,é(y) ¢ (Fo UTH U
Ty U {s1,52}). Let (¢(z),t)) be edges of@! ,
for ', ¢(a) & (Fo UTy UTy U {s1,8,y,6(y)})
for 2 < i < ky. Applying LemmalB, we can con-
struct two spanning disjoint pathB(s,, ¢(y)) and
P(p(a2),8)0f QL_y — F} —{o(a"), 2|3 < i < k).
Applying Theorem[ll, we can construct/ﬁ-fan
A(sy — {th, 22 22, -ah} of Q°_, —{t},y}. Thus,

the pathsP(sq, ), (s; %) 4 ¢( ),t}), and

worth studying in the future.
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