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Abstract

In this paperwe presentanadaptie andaccurateanotion
estimationalgorithmfor computingoptical flow from an
image sequence.The proposedalgorithmis basedon a
regularizationformulationthat minimizesa combination

objectsfrom animagesequence.

In recentyears,mary techniquedgor the computatiorof
opticalflow have beenproposedn literature. They canbe
classifiedinto gradient-based;orrelation-basedgnepgy-
basedandphase-basedhethodq2]. Amongthesemeth-
ods, the gradient-basedapproachand the correlation-

of a modified data-constrainenegy and a smoothness basedapproacharethe two mostpopularones.

measurall over the pixelsin theimagedomain. Unlike
thecorventionalgradient-basedpticalflow computation,
the dataconstraintusedin this paperis derived from the
consenation of the Laplacian-of-GaussiafLoG) filtered
image intensity in the temporalsequence. This modi-
fication alleviatesthe problemwith the brightnesscon-
stany assumptiorundernon-uniformillumination vari-
ationsdue to the use of Laplacian-of-Gaussiafilter to
remove the low-frequeng portion of the additive non-
uniformillumination factor The modifieddataconstraint
simply replacegheimageintensityfunctionin theimage
flow constraintby the LoG filteredintensityfunction. In

The gradient-basedpproachs dependenon theimage
flow constrainequationwhichis derivedfrom thebright-
nessconstang assumptiomswell asthefirst-orderTaylor
seriesapproximatior{5]. Usingtheimageflow constraint
equationaloneis insufficientto computethe optical flow
sinceeachequationnvolvestwo differentvariables Horn
andSchuncK5] introducedafirst ordersmoothnesmea-
sureto constraintthe flow field and solve for the flow.
Sincethe smoothnessonstraints invalid acrosshe mo-
tion boundaryNagel[9] proposedhe “orientedsmooth-
ness”measureto suppresshe smoothnesgonstraintin
thedirectionorthogonato the boundaries.

addition, an adaptvely weightedmembranesmoothness Horn and Schuncks variationalformulationof the opti-
constraintis employed in our regularizationframewvork. cal flow problem[5] involvesminimizing a combination
The resultingenegy minimizationis accomplishedy a of the optical flow constraintanda smoothnesserm. A
incompleteCholesk preconditionedconjugategradient discreteversionof theenegy to beminimizedcanbewrit-
algorithm. Experimentaltesultson syntheticandrealim- tenas
agesequencefor our algorithmaregivento demonstrate
its performance. Z(E,Huz +Eyivi+ By i)+ S (w2 +ud +o2 02 )
K3
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Where,u; andv; form the discretizedflow vectorat the
i-th pixel, uz ;, uy,i, vy,; anduy ; representhediscretized
Imagemotionanalysisplaysa centralrole in theresearch partialsof the velocity field, E, ;, E,; and E;; corre-
of computewision. Opticalflow is thecorrespondender spondto the discretizedpartialsof the intensity function
eachpixel betweentwo consecutie framesin animage FE atthei-th locationin the z, y andt directions respec-
sequenceThecomputatiorof opticalflow from animage tively. The minimizationof this discretizedenegy leads
sequenc@rovidesvery importantinformationfor motion to solvinga linear systemKu = b. The stiffnessmatrix

N >~

1 Intr oduction

analysisjncludingmoving objectdetectionobjecttrack-
ing, moving objectsegmentationandmotionrecognition.
In addition,thecomputatiorof opticalflow is essentiafor
the structurefrom motion,i.e. to recover 3-D structureof

K € %27° 27" js symmetricpositive-definiteand hasa
sparsitystructure.

Recently Lai and Vemuri [7] proposeda modified
gradient-basednethodfor computingoptical flow. The



imageflow constrainanda contourbasedlow constraint
are combinedin a regularizationframework to achieve

accurateoptical flow estimation. In addition, anincom-

plete Cholesly preconditionedconjugategradientalgo-

rithm wasproposedn [7] to minimizetheenegy function

of the optical flow problemvery efficiently. Theincom-

pleteCholesky preconditioneis obtainedoy approximat-
ing thestiffnessmatrix K viaanincompleteCholesly fac-

torization,preseresthesparsityof thematrixandleadsto

anefficient preconditioningechnique.

The variationof anintensity functionwith time may be
causedy geometricor photometricchangesThe bright-
nessconstang assumptionwhich is the basisfor the
derivation of the image flow constraintin the gradient-
basedapproachdoesnot accountfor intensity variation
due to photometricchanges. A generalizedbrightness
changemodel [10] hasbeenproposedio generalizethe
gradient-base@pproachor the gradualtime-varyingil-
lumination case. More recently Zhanget al. [13] pre-
sentedtwo methodsfor computingthe optical flow un-
der spatio-temporahon-uniformillumination. Oneis a
spatio-temporalocal optimizationmethodandthe other
is a pixel-basedemporafiltering method.Moreover, No-
mura[11] proposedwo generalizedjradient-basetheth-
odsfor determiningmotionfieldsundernon-stationaryl-
lumination.A non-stationarparametewasintroducedn
the generalizedptical flow constraintto accountfor the
illumination variation.

The correlation-basedipproachlocally finds the dis-
placemenvector(u, v) betweertwo imagesl, andI; at
thelocation(z, y) by minimizing asumof squarediiffer-
enceqSSD)functionIn this SSDfunction,thesummation
is performedn awindow of size(2k + 1) x (2k+ 1) cen-
teredat (x, y). Most correlation-basedhethodsperform
an extensie searchfor the displacemenvector (u,v) in
afinite integerpair setandfind the pair with thesmallest
SSDvalueasthe solutiondisplacementSincethe search
regionof thedisplacementectoris discretizedor this ex-
tensve searchthe accurag of the computedoptical flow
is limited by this discretization. To obtainmorereliable
flow estimatesvertheentireimagedomain,Anandan1]
treatedthe estimatesprovided by the matchingprocess
asthe dataconstraintsfor optical flow with appropriate
confidencaneasureandincorporatech smoothnesson-
straintontheopticalflow. Insteadof applyingsmoothness
constraint®ntheopticalflow, SzeliskiandCoughlar12]
usedatwo-dimensionasplinemodelto representheflow
field andminimizedthefollowing SSDfunction

n n

E(u) = 22[11(73 +uij, j i) = Io(i, ) ()

j=11i=1

wherethevectoru is the concatenatiomf the flow com-
ponentss;; andv;;. A modifiedLevenbeg-Marquardil-

gorithmwasthenemployedto solve this non-corvex op-
timization problem. They reportedvery accurateresults
usingthis method.The 2-D splinemodelsfor opticalflow
field assumeheflow field to bewell-approximatedy the
2-D splinebasisfunctionsin the patcheof a presetsize.

In this paper we usethe standardfinite differencedis-
cretizationon theflow field andtake a modifiedflow con-
straintasthedataconstrainenegy in anadaptve regular
ization framavork. We employ anincompleteCholesly
preconditionecconjugategradientalgorithmin conjunc-
tion with a coarse-to-finestrategy to efficiently minimize
the total enegy function. Experimentalresultson the
standardsyntheticimage sequencausing our algorithm
comparefavorably to the bestexisting resultsreportedin
literature. The proposedalgorithm computesdenseopti-
cal flow estimatesrom animagesequencandallows for
themotiondiscontinuitiego beincorporated.

The remainderof this paperis organizedasfollows. In
the next section,we presentthe modified regularization
formulationfor optical flow computationfrom animage
sequence.A numericalsolutionto the associatedpti-
mizationproblemis proposedn section3. Experimental
resultsfor realimagesequencesare presentedn section
4. Finally, we concludein section5.

2 A Modified Regularization For-
mulation

In this section,we presenta new regularizationformula-
tion thatalleviatesthe errorsin theimageflow constraint
dueto spatially-varyingilluminationchangedgor accurate
optical flow computation. In addition to the geometric
transformatior(optical flow field), we introducetwo new
photometricfunctions, namely illumination multiplica-
tion andillumination biasfunctions. Thefollowing equa-
tion is amodificationof thebrightnessonstang assump-
tion usedin thetraditionalSSDapproach

I(x; + ugyy; + vi,t + 6t)
a(miayiat)‘[(xia yht) + B(xhylat)

= 3)
Theilluminationmultiplicationfunctiona(z, y, t) andthe
illumination bias function §(z,y,t) are assumedo be
smoothfunctions of the spatial coordinates. By taking
the Laplacianoperatorv? on both sidesof the equation,
we canignorethe termsassociateavith the Laplacianof
a(z;i,yi,t) and B(z;, y;, t), thusleadingto the following
equation

V(i +ui, yi+vi, t+ A1) = a(xi,yi, ) Vo (i, i, 1)

4)
If we neglectthefactora(z, y,t) in the Taylor seriesex-
pansionof the above equation thenwe have the new op-



tical flow constraintequationasfollows
(V2I)pu + (V21)v + (V) = (5)

Note that the proposednen optical constraintgiven in
equatiorb involvesthe numericalapproximatiorof third-
orderpartialderivativesof theimageintensityfunction I.
In fact,the numericalcomputatiorof higherorderdiffer-
entiationis very sensitve to noise. To alleviate the noise
effectin the numericalapproximationwe proposeto use
a Gaussiartorvolutionin conjunctionwith the Laplacian
operatorin the above constraintto achieze more robust
performance. Thus, the Laplacianoperatorin the con-
straintis replacedby a Laplacianof Gaussiar{LoG) op-
erator Thenew equationis givenasfollows

(V2AI)zu + (V2G)]) v + (VEG)), = (6)

whereG is a Gaussiarsmoothingoperatorand V2@ is a
Laplacianof Gaussiaroperator This dataconstraintcan
befurthermodifiedby usingthenormalizeddifferencen-
steadof theabsolutalifferenceby usingaweightingfunc-
tion w; for thenew constrain@tthelocation(z;,y;). This
weightingfunctionis givenby

1
w; = (7
JUP2OD2  + (VO +c
wherec is a constantusedto avoid the error amplifica-
tion at the locations with

very small gradients, (V2G)I),,i=((V2G)I)y(zs, y;)
and ((V2G)I),,:=((V2G)I),(zi,y;). The above nor
malization is usedto approximatethe minimum dis-
tancebetweenthe point (u;, v;) andthe constraintplane
(V2@ 1)z iu; + (V?G))y0; + (V2G)I)i = 0 by
the normalizeddistance.This leadsto a weightedoptical
flow constraintwith the weight for eachdataconstraint
determinedy theabove normalizatiorfactor
Incorporatingthe above new optical flow constraintinto

theregularizationformulation,we obtainthetotal enegy

function
= Z w; X
€D
{(V2O) D)y iui + (V2G)I)yivi + (V2G))1i}?
+/\(“+u —|—v“+v i) (8)

whereD is thesetof all pointsin theimagedomain.Note
theenepy functionto beminimizedis quadraticandcon-
vex. This enegy minimization canbe accomplishedy
solving a symmetricpositive definite (SPD) linear sys-
tem. We usea preconditioneatonjugategradientmethod
[4] with the incompleteCholesly preconditioningto ef-

ficiently minimize this enegy functionin equation8. In

addition,a coarse-to-finestrateyy canbe employedto ac-

3 Preconditioned Conjugate Gradi-
ent Algorithm

The minimizationof the abose enegy leadsto solving a
linear systemof equationsKu = b wherethe stiffness
matrix K € %27 *27” js symmetricpositive-definiteand
it hasthefollowing 2 x 2 block structure.

MK, + E;,
E;y

E.,

K= _
MK, + E,,

9)

whereK, € ®"°*"” is thediscrete2-D Laplacianmatrix
fromthemembransmoothnessonstraintE,.,, wy,and

Eyy areall n? x n? dlagonalmatrlceswlth entriesT- eit

5 I,:I,:+S::Sy. andI +Sy ;» respectiely. Note
thatthe valuesof I, ; andIW aresetto zeroswhenthe
imageflow constraintis disabledat thei-th locationdue
to reliability measureest. Similarly, the valuesof S, ;

andS,,; aresetto zeroswhenthe contourflow constraint
is notusedatthei-th location.

To solve this linear systemfor optical flow estimation,
we usethe preconditionedconjugategradientalgorithm
[4] with anincompleteCholesly preconditioneiP [8, 3],
givenin thefollowing.

EZ'

1. Initialize ug; computeryg = b — Kug; k = 0.

2. SolvePz, =1, k=k + 1.

3. Ifk= 1 P1 = Zo; elsecomputesP = rl ,z_o,
B andupdatepy, = zg—1 + BkPk—1-

,BD’

4, Computeak
ap = oy [ay;

= r} ,z-1, af = pIKpy, and

5. Updatery, = r; 1 — axKpg, up = up 1 + appi.
6. If ry, ~ 0, stop;elsegoto step2.

TheincompleteCholesly preconditioninghasbeensuc-
cessfullyappliedin the gradient-basedpproacHor com-
putingopticalflow to efficiently solve thelargeandsparse
linearsystenmwith thespeciallystructuredstiffnessmatrix
[7, 6]. This preconditioneiis very efficient sincethe in-
completeCholesly decompositiorwas performedto ap-
proximatethelargeandsparsestiffnessmatrix by exploit-
ing its specialstructure. This preconditioningtechnique
is usedin conjunctionwith the conjugategradientalgo-
rithm to minimize the enegy function givenin equation
8. With this preconditioningthe corvergenceof the con-
jugategradientalgorithmcanbe speededip dramatically

The preconditionerP is chosenas the incomplete
Cholesly factorizationof the matrix K. A goodprecon-

countfor large-displacemenproblemsandto accelerate ditionercandrasticallyacceleratehe corvergencerateof

the corvergencerateof the preconditionedCG algorithm.

the conjugategradientalgorithm. Therearetwo criteria



for designinga goodpreconditione® for the matrix K.

First, the preconditione hasto be a goodapproxima-
tion to K so that the condition numberof the precondi-
tioned linear systemis dramaticallyreduced. Secondly
theremustexist avery fastnumericalmethodto solve the
auxiliary linear systemPz = r requiredin the precondi-
tioned CG algorithm. Taking thesetwo criteriainto con-
sideration,a good preconditionerfor the above stiffness
matrix K of the opticalflow problemcanbe obtainedvia

theincompleteCholesly factorizationof K.

The standardCholesly factorizationof the sparsema-
trix K “fills in” entriesin the bandbetweermonzerooff-
diagonalswhich meanghe sparsitystructurewill be de-
stroyed after the factorization. The idea of incomplete
Cholesly factorizatioris to find anapproximateCholesky
factorizatiorof thematrixK, i.e. K ~ LL7, suchthatthe
lower triangularmatrix L hasthe similar sparsitystruc-
ture. In addition, the productLL” at the locationswith
nonzeroentriesin L or L7 still hasthe samevaluesas
thosein K. Therefore the preconditione = LL” is a
goodapproximationto K. Sincethe matrix K is sparse
andwell-structuredthe matrix L is alsosparseandwell-
structured.Thus, the solutionto the auxiliary linear sys-
tem Pz = r in the preconditioningstepof the precondi-
tioned conjugategradientalgorithm can be obtainedvia
forward andbackward substitutionsvery efficiently. Fur-
thermore we usethe block version[4] of theincomplete
Cholesly factorizatiorto take advantageof the2 x 2 block
structureof thematrix K.

Thematrix K in equation9 hasdiagonalblocks A\K s +
E,, and \K; + E,,, eachof which is block tridiago-
nal. The off-diagonalelementf K arediagonalblocks,
each of which is a diagonalmatrix. In addition, the
off-diagonal elementsof the block tridiagonal matrices
MK; + E,; and \K; + E,, arediagonal. The factor
ing matrix in the incompleteCholesly factorizationhas
thesimilar sparsestructureasthatof K andtakesthe fol-

L 0 ]

lowing form.
L=
[ L21 Lo,

where the sub-matricesL;;, Ls; and Lyy are of size
n? x n2. OurincompleteCholesky factorizationis based
ontheconstructiorof anincompleteblock preconditioner
in [4]. The sub-matriced.;;, Ls» and LI, are chosen
to be block lower bidiagonalmatriceswith the diago-
nal blocksbeinglower bidiagonalandthe lower diagonal
blocksbeingupperbidiagonal,.e.,thematricesL;, Lo

andL,; havethefollowing structures,

(10)

G
ub q®
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(11)

H(nfl)

ij

(n)
G,

for (i,5) € {(1,1),(2,2)}, and
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for k = 1,...,n. Thenonzeroentriesin the sparsema-
trix L arecomputedby equatingthe entriesof the prod-
uct LLT to thosein the matrix K at the locationswith
nonzeroentriesin L. Thus, the nonzeroentriesin L1,
L»; andLs, aregivenin [7, 6].

The incompleteCholesly factorizationof the matrix K
givenabove canbecomputedn O(N) operationsyhere
N(= n?) is the numberof discretizationpoints. After
thefactorizationthe preconditionei® is choserasLL”,
whichis closeto K andhasanicestructure.Thus,thepre-
conditionedconjugategradientalgorithmrequiresO(N)
operationsn eachiteration.

TheincompleteCholesly preconditionindhasbeenused
to greatly improve the corvergencespeedof the conju-
gategradientalgorithmfor the optical flow computation
problem[7]. In addition,it is very efficient sinceit only
requiresO(N) operationsn eachiteration.

4 Experimental Results

In this section,we presentesultsof testingthe proposed
modified regularizationalgorithmon a variety imagese-
guencesUnlike someothermethodswhich only produce
sparsepticalflow, theproposedlgorithmgive denseop-
tical flow estimateswith 100% density The experimen-
tal resultsof usingthe proposedegularizationmethodon
two syntheticandtwo realimagesequencearepresented
here.Thetwo synthetidmagesequencearethe Translat-
ing Treeandthe YosemitémagesequencegOurresultson
thesetwo examplesarecomparedo the bestoptical flow
estimateseportedn literature.



(b)
Figure 1. (a) One frame from the Translating Tree se-
guenceand (b) the computedoptical flow usingthe pro-
posedalgorithm.

In our implementationa coarse-to-finestratey is com-
bined with the preconditionedconjugategradientalgo-
rithm to find the minimum enegy solution. Threereso-
lutionsareusedin the coarse-to-finestratgyy and20 iter-
ationsof the preconditioneaonjugategradientalgorithm
arecomputedor eachresolution.By usingthe coarse-to-
fine stratgy, we candealwith large displacemenprob-
lemswith bettercorvergencepropertyduringthesolution
searchTheregularizationparamete is empiricallycho-
sento be (.5 for theimplementatiorof the proposedeg-
ularizationmethod. The resultsare quite stablefor the
regularizationparametein the rangebetween0.1and1.
The constant in the normalizationfactorwassetto 0.01
for all theexperimentgresentedhn this paper

For the translatingtree example, eachframe contains
more complicatedhighly textured regions, which result
in multiple local minima in the associatecenegy func-
tion to beminimized. Oneframeof theimagesequencés
shavnin Fig. 1(a). Thecomputedpticalflow is shavnin
Fig. 1(b). Our proposedegularizationmethodcompares
favorablyto the bestexisting methodsn this example.

Technique Avg. Error  Std.  Density
Horn & Schunck o o
(modified) 2.02 2.27°  100%

Urasetal. 0.62° 0.52°  100%

Szeliski& Coughlan  0.35° 0.34° 100%
Lucas& Kanade o o

O > 5.0) 0.56 0.58 13.1%

Weber& Malik 0.49° 0.35°  96.8%

Fleet& Jepson 0.23° 0.19°  49.7%

Lai 0.35° 0.30°  100%

Tablel: Summaryof TranslatingTreeresults

We alsotestedour algorithmon the Yosemitesequence.
We comparedour modified regularizationmethodwith
the other methodsfor the Yosemitesequence. Three
frames of the sequenceand the correctflow field are
shavn in Figure2. Fromtheimageswe canobsene the
imageintensity variationsin sky region of the sequence
involve non-uniformillumination changesi.e. the bright-
nessconstang assumptions notvalid in this case.Sev-
eral previous methodshave reportedresultson this se-
guenceignoring the sky region. A summaryof the re-
portedresultsincluding the resultusingthe proposedal-
gorithmis givenin Table2 for comparison.The sign**”
followed by a methodindicatesthat the error was com-
putedwithout the sky region. It is obviousthatour mod-
ified regularizationmethodcomparefavorably to the best
existing methodsn this example.

In additionto theabove accurag comparisonye depict
the computedopticalflow fieldsusingthe proposedalgo-



(d)
Figure2: The(a) 6-th, (b) 9-th and(c) 12-thframesfrom
the Yosemitamagesequenceand(b) the true optical flow
field.

Technique Avg. Error  Std.  Density
Horn & Schunck o o
(modified) 9.78 16.19°  100%

Urasetal. 8.94° 15.61°  100%

Black & Anandari 4.46° 4.21° 100%

Szeliski& Coughlart 2.45° 3.05° 100%

Black & Jepsoh 2.29° 2.25° 100%

Juetal * 2.16° 2.0° 100%

Lai & Vemuri* 1.99° 1.41°  100%

Lai & Vemuri 7.81° 14.57°  100%

Zhangetal. 5.59° 11.24°  100%

Lai* 2.05° 1.61° 100%

Lai 5.19° 9.27° 100%

Table2: Summaryof Yosemiteresults

rithm and a previous improved gradient-basedlgorithm
[7] in Figure 3 to demonstratehe performanceof the
proposedalgorithmundernon-uniformillumination vari-
ations.Fromthefigure,we canseethe previousgradient-
basedmethodsuffers from the non-uniformillumination
variationsin the sky region, while the proposedalgorithm
basedon the conseration of the LoG filter intensitypro-
ducedaccurateestimationall overtheimagedomain.

Finally, the proposedegularizationmethodwasapplied
to a realimagesequencesamelythe Hamhurg Taxi se-
guence. Figure 4 depictsthe experimentalresulton the
Hamhurg Taxi sequence.

5 Conclusion

In this paper we presentedh new modified regulariza-
tion methodfor computingoptical flow from an image
sequenceWe derived a new flow constraintbasedon a

generalizedrightnessassumptiorandby takinga Lapla-

cian of Gaussiaroperationon the image. Thenthe new

flow constrainis appropriatelynormalizedandcombined
with themembranesmoothnesi aregularizationframe-
work. Theresultingenegy functionis quadraticandcon-

vex. TheincompleteCholesly preconditionedtonjugate
gradientalgorithmwasemployedto minimizethis enegy

function. We have obtainedvery accurateresultsby ap-

plying this algorithmto computeoptical flow for several

imagesequencesAlso, we have experimentallydemon-
stratedthat our algorithmsfor optical flow computation
comparefavorably to all the best existing methodsre-

portedto datein literature. The futurework will focuson

extendingthe regularizationframenork presentedhereto

allow for motion discontinuityby modifying the smooth-
nessassumptiorto adaptve smoothing.
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Figure3: The computedop(ti)cal flow fields using (a) the
modified Horn and Schuncks methodand (b) the pro-
posedregularizationmethodfor the Yosemiteimage se-
guence. The optical flows overlaid on the image are
shavnin (c) and(d), respectiely.
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Figure4: (a) Oneframefrom theHamturg Taxi sequence.
(b) Computedoptical flow using the proposedmodified
regularizationmethodafter 50 iterationsof the precondi-
tionedconjugategradientalgorithms.
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